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Abstract 

In this paper we present some new limit theorems for power variation of fcth order 
increments of stationary increments Levy driven moving averages. In this infill sam¬ 
pling setting, the asymptotic theory gives very surprising results, which (partially) 
have no counterpart in the theory of discrete moving averages. More specifically, we 
will show that the first order limit theorems and the mode of convergence strongly 
depend on the interplay between the given order of the increments, the considered 
power p > 0, the Blumenthal-Getoor index /3 G (0, 2) of the driving pure jump Levy 
process L and the behaviour of the kernel function 5 at 0 determined by the power 
a. First order asymptotic theory essentially comprise three cases: stable convergence 
towards a certain infinitely divisible distribution, an ergodic type limit theorem and 
convergence in probability towards an integrated random process. We also prove the 
second order limit theorem connected to the ergodic type result. When the driving 
Levy process L is a symmetric /3-stable process we obtain two different limits: a cen¬ 
tral limit theorem and convergence in distribution towards a (1 — a)/3-stable random 
variable. 

Keywords: Power variation, limit theorems, moving averages, fractional processes, 
stable convergence, high frequency data. 
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1 Introduction and main results 

In the recent years there has been an increasing interest in limit theory for power variations 
of stochastic processes. Power variation functionals and related statistics play a major role 
in analyzing the fine properties of the underlying model, in stochastic integration concepts 
and statistical inference. In the last decade asymptotic theory for power variations of 
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various classes of stochastic processes has been intensively investigated in the literature. 
We refer e.g. to [ 6 l [26l [271 [33] for limit theory for power variations of Ito semimartingales, 
to [iIIIIIEIEIIETI for the asymptotic results in the framework of fractional Brownian 
motion and related processes, and to mmi] for investigations of power variation of the 
Rosenblatt process. 

In this paper we study the power variation of stationary increments Levy driven moving 
averages. More specifically, we consider an infinitely divisible process with stationary 
increments (W)t>o, dehned on a probability space ( 12 , P), given as 

Xt= f {g{t - s) - go{-s)} dLs, (1.1) 

J —OO 

where L = (Lt)teK is a symmetric Levy process on M with Lq = 0, that is, for all u G M, 
{Lt+u — Lu)t>o is a Levy process indexed by M+ which distribution is invariant under 
multiplication with —1. Furthermore, g and go are deterministic functions from M into M 
vanishing on (—oo,0). In the further discussion we will need the notion of Blumenthal- 
Getoor index of L, which is defined via 

(3 := inf |r > 0 ; J \xY v{dx) < oo| G [0, 2], (1-2) 

where u denotes the Levy measure of L. When go = 0, process X is a moving average, 
and in this case X is a stationary process. If g{s) = go{s) = X is a so called 
fractional Levy process. In particular, when L is a /3-stable Levy motion with (5 G (0,2), 
X is called a linear fractional stable motion and it is self-similar with index H = q;-|- 1//3; see 
e.g. [36] (since in this case the stability index and the Blumenthal-Getoor index coincide, 
they are both denoted by /3). 

Probabilistic analysis of stationary increments Levy driven moving averages such as 
semimartingale property, fine scale structure and integration concepts, have been inves¬ 
tigated in several papers. We refer to the work of (sniiini [m EH] among many others. 
However, only few results on the power variations of such processes are presently available, 
exceptions to this are [HI Theorem 5.1] and [211 Theorem 2 ]; see Remark 12.4! for a closer 
discussion of a result from [HI Theorem 5.1]. These two results are concerned with certain 
power variation of fractional Levy process and have some overlad with our Theorem II.R iii 
for the linear fractional stable motion, but we apply different proofs. The aim of this paper 
is to derive a rather complete picture of the first order asymptotic theory for power vari¬ 
ation of the process X, and, in some cases, the associated second order limit theory. We 
will see that the type of convergence and the limiting random variables/distributions are 
quite surprising and novel in the literature. Apart from pure probabilistic interest, limit 
theory for power variations of stationary increments Levy driven moving averages give 
rise to a variety of statistical methods (e.g. identification and estimation of the unknown 
parameters a and /3) and it provides a first step towards asymptotic theory for power 
variation of stochastic processes, which contain W as a building block. In this context 
let us mention stochastic integrals with respect to X and Levy semi-stationary processes, 
which have been introduced in [3] . 
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To describe our main results we need to introduce some notation and a set of assump¬ 
tions. In this work we consider the feth order increments of X, k ^ N, that are 

defined by 


i>k. 

j=o 

For instance, we have that = X± — Xj^ and ~ -|- Xi^. Our 

’ n n ’ n n n 

main functional is the power variation computed on the basis of A:th order filters: 

n 

V{p-k)^-.= Y,\^lkX\^, P>0. (1.3) 

i=k 

Now, we introduce the following set of assumptions on g and w. 

Assumption (A): The function 5 : M —>■ M satisfies 

g{t) ~ cot“ as t 4 , 0 for some a > 0 and cq 0, (1.4) 

where g{t) ~ f{t) as t | 0 means that limtio g{t)/f{t) = 1. For some 9 G (0,2], 
limsupj_,.oo z/(x : \x\ > t)t^ < 00 and g — g^ is a. bounded function in L®(M+). Fur¬ 
thermore, g is A:-times continuous differentiable on (0, 00 ) and there exists a 5 > 0 such 
that \g^^\t)\ < for all t G (0,(5), G L^{{6,oo)) and is decreasing on ((5, 00 ). 

Assumption (A-log): In addition to (A) suppose that (s)|^ log(l/|( 7 (^)(s)|) ds < 

00 . 

Assumption (A) ensures that the process X is well-dehned, cf. Section 12.41 When L is 
a /3-stable Levy process, we always choose 9 = 13 in assumption (A). Before we introduce 
the main results, we need some more notation. Let /i^: M —?• M be given by 

hk{x) = '^{-iy (^^{x - j)%, xGM, (1.5) 

where = max{?/, 0} for all y G M. Let ¥ = {Xt)t>o be the filtration generated by 
{Lt)t>o, iTm)m>i be a sequence of F-stopping times that exhaust the jumps of {Lt)t>o, 
that is, {Tm{u)) : m > 1} H M+ = {t > 0 : ALt{uj) / 0} and Tm{oj) / Tn{oj) for all m n 
with Tm(w) < 00 . Let (t/m)m>i be independent and uniform [0, l]-distributed random 
variables, defined on an extension (n',X',P') of the original probability space, which are 
independent of X. 

The following two theorems summarize the first and second order limit theory for the 
power variation V{p;k)n- We would like to emphasize part (i) of Theorem 11.11 and part 
(i) of Theorem Mi which are truly remarkable probabilistic results. We refer to EES] 

£-—s 

and to Section m for the definition of X-stable convergence which will be denoted —>. 

Theorem 1.1 (First order asymptotics.). Suppose (A) is satisfied and assume that the 
Blumenthal-Getoor index satisfies (3 <2. We obtain the following three cases: 
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(i) Suppose that (A-log) holds if 9 = 1. If a < k — l/p andp > P we obtain the F-stable 
convergence 

OO 

n^PVip;k)n ^ |cor l^LrJPVm where + U^)\p. ( 1 . 6 ) 

m:Tme[0,l] 1=0 

(a) Suppose that L is a symmetric P-stable Levy process with scale parameter a > 0. If 
a < k — 1/P and p < p then it holds 

n-i+P(“+i/^)F(p; k)n A 

where rup = |co|^cr^(/jg \hk{x)\^ dxY^^^^WZf’] and Z is a symmetric P-stable random 
variable with scale parameter 1 . 

(Hi) Suppose that p > 1. If p = 9 suppose in addition that (A-log) holds. For all a > 
A; — l/(/3 Vp) we deduce 

Ful^du (1.7) 


and / \Fu\^ du < OO a.s. 

Jo 


n (p; k)n ^ 

Jo 

where {Fu)ues. is a measurable process satisfying 


F, = 


gJJ {u — s) dLg a.s. for all u E 


We remark that, except the critical cases where p = P, a = k — 1/p and a = k — 1/P, 
Theorem 11.11 covers all possible choices of a > 0,/3 € [0,2) and p > 1. We also note that 
the limiting random variable in (jl.OD is infinitely divisible, see Section [2.41 for more details. 
In addition, we note that there is no convergence in probability in (jl.Op due to the fact 
that the random variables Vm, m > 1, are independent of L and the properties of stable 
convergence. To be used in the next theorem we recall that a totally right skewed p-stable 
random variable S with p > 1, mean zero and scale parameter p > 0 has characteristic 
function given by 


= exp ^ — p^|0|^(l — isign(9) tan(7rp/2))^ , 9 € R. 


For part (ii) of Theorem 11.11 which we will refer to as the ergodic case, we also show 
the second order asymptotic results. 

Theorem 1.2 (Second order assymptotics). Suppose that assumption (A) is satisfied and 
L is a symmetric P-stable Levy process with scale parameter cr > 0. Let f : [0, oo) R 6e 
given by f(t) = g(t)/F for t > 0 and /(O) = cq, and assume that f is k-times continuous 
right differentiable at 0. For the below case (i) assume, in addition, that \g'(t)\ < Kt°‘~^ 
for all t > 0. 
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(i) If k = 1, a < 1 — 1/13 and p < /3/2, then it holds that 

k)n — mp'j S, 

where S is a totally right skewed {1 —a)(3-stable random variable with mean zero and 
scale parameter a, which is defined in Remark \2.5\f i). 

(a) If k >2, a < k — 2/(3 and p < fi/2 we deduce that 

— mp^ -^A^(0,ry^), (1.8) 

where the quantity is defined in Remark \2.5[f ii}. 

This paper is structured as follows. Section [2] presents some remarks about the na¬ 
ture and applicability of the main results, and it also includes a discussion about related 
problems. Section [3] introduces some preliminaries. We state the proof of Theorem II. II in 
Section HI while the proof of Theorem 11.21 is demonstrated in Section [5j Some technical 
lemmas are deferred to the Appendix. 


2 Related results, remarks and extensions 

In this section we will give a review of related asymptotic results in the literature, present 
some intuition behind our limit theory and discuss possible extensions. 

2.1 Fine properties of stationary increments Levy driven moving aver¬ 
ages 

In this subsection we will discuss the probabilistic properties of the process X defined at 
dni), such as semimartingale property and small scale behaviour, and their consequences 
for the limit theory. For simplicity suppose that L is a symmetric /3-stable Levy process. 

Suppose, in addition, that g' satisfies the lower bound Kt°‘~^ < \g'{t)\ for all t E (0,1) 
and a constant K > 0. By [8l Example 4.9] it follows that A is a semimartingale if and 
only if a > 1 — 1//3, which is exactly condition (iii) in Theorem 11.11 when k = 1 and p < (3. 

To better understand the limit theory stated in Theorem ll.ll ii) and Theorem 11.21 
which both refer to the ergodic case, we need to study the small scale behaviour of the 
stationary increments Levy driven moving averages X. We intuitively deduce the following 
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approximation for the increments of X for a small A > 0: 


At+A -Xt= {g{t + A - s) - g{t - s)} dig 
Jr 

rt+A 


/ {git + A - s) - g{t - s)} dL, 

It+A-e 
rt+A 

CO ' 

It+A-e 


CO 


rt+isi. 

/ {(t + A - s)" - (t - 

Jt+A-e 

[{{t + A- s)“ -it- s)“ } dLs = Xt+A - At, 

Jr 


where 


:=co / {it-s)l-i-s)l}dLs 


( 2 . 1 ) 


and e > 0 is an arbitrary small real number with e 3> A. In the classical terminology 
A is called the tangent process of X. The formal proof of this first order approximation, 
which will be demonstrated in Section 01 relies on assumption (A) and the fact that, under 
conditions of Theorem ll.ll iil. the weight git + A — s) — git — s) attains asymptotically 
highest values when s ^ t, since g' explodes at 0. Recall that the process A is the 
linear fractional stable motion. In particular, under the assumptions of Theorem m ii), 
it is a linear fractional stable motion with /3-stable marginals and self-similarity index 
H = a + 1/ft. Thus, one may transfer the first order asymptotic theory for power variation 
of A to the corresponding results for power variation of A. However, the law of large 
numbers for power variation of A is easier to handle than the original statistic due to self¬ 
similarity property of A, which allows to transform the original triangular observation 
scheme into a usual one when studying distributional properties. Then, the standard 
ergodic limit theory becomes applicable. Indeed, this is exactly the method of proof of 
Theorem ll.lf iil. We remark however that it is much more technical to use the relationship 
between A and A for the proof of the second order asymptotic theory in Theorem ll.2l In 
fact, we use a more direct approach to show the results of Theorem 11.21 


2.2 Limit theory in the Gaussian case 

Throughout this subsection we recall the asymptotic theory for power variation of frac¬ 
tional Brownian motion iB^)t>o with Hurst parameter H G (0,1) and relate it to our 
limit theory. The main demonstrated results have been established in the classical work 
[ra 00] . We write ViB^ ,p; k)n to denote the power variation statistics defined at (|1.3|) 
associated with the fractional Brownian motion iB^)t>o. 

First of all, we observe the law of large numbers 

n-i+P^ViB^ ,p;k)n nip := E[|n'^A"fcB^|P], 

which follows from the ergodic theorem (note that nip is independent of n due to self¬ 
similarity property of B^). The associated weak limit theory depends on the inter¬ 
play between the correlation kernel of the fractional Brownian noise and the Hermite 
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rank of the function h{x) = |x|^ — mp. Recall that the correlation kernel pk{j) = 
corr(n^A^ of A:th order differences of the fractional Brownian motion 

satishes that 

\pk{j)\<Kf^-^'^ forj>l, 

for some K > 0. The Hermite expansion of the function h is dehned as 

OO 

h{x) = \x\P -mp = Y2 ^iHi{x), 

1=2 


where are Hermite polynomials, i.e. 


Hq{x) = 1 and Hi{x) 


(-l)^exp(x2/2)^{-exp(xV2)} 


for I > 1 . 


The Hermite rank of h is the smallest index I with A/ ^ 0, which is 2 in our case. The 
condition for the validity of a central limit theorem associated to a standardized version 
of V,p; k)n is then 

OO 

^PkU) < 

i=i 

where the power 2 indicates the Hermite rank of h. The latter is obviously fulfilled for 
any k > 2 and also for A: = 1 if E (0,3/4). The next result is a famous statement 
from [laiiD]. The Gaussian limit case is usually referred to as Breuer-Major central limit 
theorem. 


Theorem 2.1. The following assertions hold: 


(i) Assume that k>2 or k = 1 and H E (0,3/4). Then the central limit theorem holds 

^/n ,p;k)n - mp) -^J\f{0,Vp), 

where Vp = ^£^2 (l + 2 i PkU)) ■ 

(a) When k = 1 and H = 3/4 we have 

{n~^~^P^V{B^,p-,k)n - mp) -^Af{0,Vp), 

logn ^ 

where Vp = 4A2 lim„^oo Ej=i ^PiU)- 
(Hi) When k = 1 and H E (3/4,1) it holds that 

{B^,p; k)n - mp) Z, 


where Z is a Rosenblatt random variable. 
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The results of Theorem ED has been extended to the case of general stationary in¬ 
crements Gaussian processes in [23]. Asymptotic theory for power variation of stochastic 
integrals with respect to Gaussian processes has been intensively studied in HlElllg]. We 
also refer to the interesting work |5I] for a study of quadratic variation of the Rosenblatt 
process. 

Summarizing the asymptotic theory in the Gaussian case, we can conclude that the 
limiting behaviour in the framework of stationary increments Levy driven moving averages 
is quite different. Not surprisingly, the quite stunning results of Theorem ll.llf i) and 
Theorem 11.21^ 1) do not appear in the Gaussian setting (the convergence of the type (|1.7p 
may very well appear for differentiable Gaussian processes). 

2.3 Limit theorems for discrete moving averages 

Asymptotic theory for statistics of discrete moving averages has been a subject of a deep 
investigation during the last thirty years. Indeed, the variety of different limiting dis¬ 
tributions, which may appear under certain conditions on the innovations and weight 
coefficients, is quite astonishing. In a functional framework they include Brownian mo¬ 
tion, mth order Hermite processes, stable Levy processes with various stability indexes 
and fractional Brownian motion. We refer to the work [21 12^ 12^ [301 l38l [39] among many 
others. The limit theory is much more diverse and still not completely understood in 
contrast to the Gaussian case discussed in the previous subsection. For this reason, we 
will rather concentrate on some asymptotic results related to our set of conditions. 

Let us consider a discrete moving average (Zj)jgz of the form 

OO 

^ bjCi-j, 

where {Ci)i£Z is a sequence of i.i.d. random variables with mean 0 and variance 1 , and 
(bj)j>i are non-random coefficients. The innovation (ji is assumed to satisfy: There exists 
K,6 > 0 such that for all u G M, |E[e*“^i]| < K{1 + |u|)“'^. For simplicity of exposition and 
comparison we assume that the distribution of is symmetric. Now, we briefly review 
the results of [39] . The assumptions on the decay of the coefficients and the tail 

behaviour of the innovations are as follows; 

bj ~ kQj~'^ as j —)• OO, PdCil > x) ^ qx~^ as x ^ oo, 

for some 7 G (1/2,1), f3 G (2,4) and kQ,q / 0. Surgailis [39] studies the asymptotic 
behaviour of the statistic 


n 

Sn = Y,HZi), 

i=l 

where h : M —>• R is a bounded measurable function with E[h(Zi)] = 0. In this framework 
the most important ingredient is the Appell rank of the function h (cf. [ 2 ]). It is dehned 
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as 


k* := mm{/i^^(0) 7 ^ 0} with hoo{x) := E[/i(Zi + x)]. 

k>l 

The Appell rank is similar in spirit with the Hermite rank introduced in the previous 
section, but it is much harder to prove limit theorems for the statistic Sn for an arbi¬ 
trary Appell rank k*. The main problem is that, in contrast to Hermite expansion, the 
expansion with respect to Appell polynomials typically does not exist. Furthermore, the 
decomposition of Sn becomes more complex when k* increases. For this reason only the 
cases k* = 1,2,3 are usually treated in the literature in the framework of heavy tailed 
innovations. In particular, [39] investigates the cases k* = 2,3. 

At this stage we compare the introduced setting of discrete moving average with our 
framework of m- For the sake of exposition, we will rather consider the tangent process 
X defined at (j2.ip driven by a symmetric /3-stable Levy motion L. We immediately see that 
our assumption on /3, namely /3 G (0, 2), does not satisfy the tail behaviour condition on the 
innovations introduced above (in particular, E[Lj] = 00 ). As for the weight coefficients, 
our kernel function satisfies that 

coiix + 1 )“ — x“) ~ Q!Cox““^ as X —>• 00 . 

Thus, the connection to the setting of discrete moving averages is given via /cq = ckcq and 
7 = 1 — a (indeed, it holds that 1 — a G (1/2,1) under conditions of Theorem ll.llf ii)). 
In our framework, the function h is given via h{x) = |x|^ — nip, where the quantity nip 
has been defined in Theorem ll.ll iii. which is obviously not bounded. Since h is an even 
function and L is symmetric, we readily deduce that k* = 2. 

Now, we summarize the asymptotic theory from [39| for the statistic Sn in the case of 
Appell rank k* = 2 {2 < (3 < 8/3): 

(i) l/2<^<if3 + ./W^)/2f3: convergence rate , Rosenblatt limit. 

(ii) (/3 -|- i//3^ — 2/3)/2/3 < 7 < 2//?: convergence rate , 7 / 3 -stable limit. 

(iii) 2//3 < 7 < 1: convergence rate , normal limit. 

Although the results of [39] are not directly applicable (recall that in our setting /3 G (0, 2) 
and h is unbounded). Theorem ll.2lf ii corresponds to case (ii) of [39]. Indeed, we apply 
a similar proof strategy to show the weak convergence. However, strong modifications 
due to unboundedness of h, triangular nature of summands in (11.31) . stochastic integrals 
instead of sums, and the different set of conditions are required. 

Remark 2.2. Case (ii) of [39] is a quite remarkable result, since a 7 / 3 -stable distribution 
appears in the limit although the summands of Sn are bounded (in particular, all moments 
of Sn exist). In particular, the rate of convergence does not correspond to the 

variance of 5^. □ 

Remark 2.3. The symmetry condition on the Levy process L is assumed for sake of 
assumption simplification. Most asymptotic results of this paper would not change if we 
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dropped this condition. However, the Appell rank of the function h{x) = |x|^ — rup might 
be 1 when L is not symmetric and this does change the result of Theorem ll.2l fi) . More 
specihcally, the limiting distribution turns out to be /3-stable (see e.g. m for the discrete 
case). We dispense with the exact exposition of this case. □ 


2.4 Further remarks and possible extensions 

We start by commenting on the set of conditions introduced in assumption (A). First of 
all, it follows by [Ml Theorem 7] that the process X, defined in ( 11 . 11 ) . is well-defined if 
and only if for all t > 0 , 


J j (^\ft{s)x\'^ A ^{dx) ds < oo, 


( 2 . 2 ) 


where ft{s) = g(t + s) — go{s). By adding and subtracting g to ft it follows by assumption 
(A) and the mean value theorem that ft G L^(M+) and ft is bounded. For all e > 0, 
assumption (A) implies that 


/ {\yx\^ A 1) iy{dx) < K(t{\y\<i}\y\^ + '^{\y\>i}\yf^"U 
J M 

which shows (12.211 since ft G L®(M_|_) is bounded. We remark that for 6' < 6 \t holds 
limsupi/(m \x\ > t)t^ < oo limsupz^(x: |x| > t)t^ < oo. 


t^OO 


t—^oo 


On the other hand, the assumption g^^^ G ((5, oo)) is stronger than g^^'^ G L®((5, oo)), 
which creates a certain balance between these two conditions. Finally, we note that the 
assumption (A-log) will be used only for the case 9 = 1 (resp. 9 = p) in part (i) (resp. 
part (iii)) of Theorem 11.11 

More importantly, the conditions of assumption (A) guarantee that the quantity 


rt—e 


I - s) dLs, e > 0, 

is well-defined (typically, the above integral is not well-defined for e = 0). The latter is 
crucial for the proof of Theorem 0(1). We recall that the condition p > 1 is imposed 
in Theorem I l.in iib We think that this condition might not be necessary, but the results 
of [14j applied in our proofs require p > 1. However, when the index a further satisfies 
a > k, then the stochastic process F at (O is continuous and condition p > 1 is not 
needed in Theorem 0( iii). 

The conditions a G (0, /c — 1/p) and p > /? of Theorem II.H i) seem to be sharp. Indeed, 
since \hk{x)\ < Kx°‘~^ for large x, we obtain from (11.61) that 

sup Vm < oo 

m>l 

when a G (0, fc — 1/p). On the other hand X]m'T™G[o i] < oo for p > /3, which 

follows from the definition of the Blumenthal-Getoor index at Oi- Notice that under 
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assumption a € (0,A: — 1/2) the case p = 2, which corresponds to quadratic variation, 
always falls under Theorem II.ll fil. We remark that the distribution of the limiting variable 
in (jl.6p does not depend on the chosen sequence {Tm)m>i of stopping times which exhausts 
the jump times of L. Furthermore, the limiting random variable Z in (|1.6I) is infinitely 
divisible with Levy measure (8* ??) o ((y, v) \coy\^v) , where rj denotes the law of Vi. 
In fact, Z has characteristic function given by 


E[exp(f6IZ)] = exp 



ie\cQy\P 


V 


1) iy{dy) r]{dv)y 


To show this, let A be the Poisson random measure given by A = Ylm=i^{Tm,ALTm) ™ 
[0, 1] X Mq which has intensity measure A <8) Here Mq := M \ {0} and A denotes the 
Lebesgue measure on [0,1]. Set 0 = X]m=i ^(Tm,ALTm.ym)- Then 0 is a Poisson random 
measure with intensity measure A (8> <8) due to m Theorem 36], and hence the above 

claims follows from the stochastic integral representation 

Z=[ {\coy\Pv) Q{ds,dy,dv). 

J [0,l]xRoxR 

As for Theorem ll.in iii. we remark that for values of a. close to A: — 1/p or A: — 1//3, the 
function explodes at 0. This leads to unboundedness of the process F defined in 
Theorem II ■iH ii'). Nevertheless, the limiting random variable in (|1.7p is still finite. 

We recall that L is assumed to be a symmetric /3-stable Levy process in Theorems il.ll fiil 
and [Ql This assumption can be relaxed following the discussion of tangent processes in 
Section O Indeed, only the small scale behaviour of the driving Levy process L should 
matter for the statement of the aforementioned results. When the small jumps of L are 
in the domain of attraction of a symmetric /3-stable Levy process, e.g. its Levy measure 
satisfies the decomposition 

v{dx) = (const • -|- p{x )) dx 


with p{x) = o(\x\ ^ for x ^ 0, the statements of Theorems ll.ll ii) and 11.21 should 
remain valid under possibly further assumptions on the function p. Such processes include 
for instance tempered or truncated symmetric /3-stable Levy processes. 

Remark 2.4. Theorem 5.1 of [9] studies the first order asymptotic of the power variation 
of some fractional fields In the case <3=1, they considers fractional Levy 

processes (ALt)tGR of the form 

Xt= [ {\t - dL, (2.3) 

Jr 

where L is a truncated /3-stable Levy process. This setting is close to fit into the framework 
of the present paper O) with a = H — 1/2 except for the fact that the stochastic integral 
(j2.3p is over the hole real line. However, the proof of Theorem ll.ll i) still holds for X in (12.3p 
with obvious modifications of and Vm in (II.5p and (|1.6I) . respectively. Notice also that 
[9] considers the power variation along the subsequence 2”, which corresponds to dyadic 
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partitions, and their setting includes second order increments. For p < 13, Theorem 5.1 of 
[9] claims that 2'^°‘PV (p; 2 ) 2 ^ —>■ C a.s. where (7 is a positive constant, which in the notation 
of [9] corresponds to the case a < f3 < 2. However, this contradicts Theorem 1 1.1 H I together 
with the remark following it, namely that, convergence in probability can not take place 
under the conditions of Theorem inii) not even trough a subsequence. The main part of 
the proof of the cited result, [9l Theorem 5.1], consists in proving that E[2"’“^’H(p; 2 ) 2 ^] —>• 
C (see p. 372, 1. 11), and this result agrees with our Theorem 1 1.1 l ib However, in the last 
three lines of their proof (p. 372, 1. 12-15) it is argued how E[2"'“P17(p; 2 ) 2 "] —)• C implies 
that 2"'“^17(p; 2 ) 2 " ^ C a.s. The argument relies on the statement from [9]: “5n(2/) = 
E[S'„(y)](l + 0 (a ,,,)(1))”, where the stochastic process Sn{y) is the empirical characteristic 
function of normalised increments defined on [9l p. 367]. This statement is only shown 
for each hxed y (see [HI Lemma 5.2]), but to use it to carry out the proof, it is crucial 
to know the dependence of the 0 („ ^ )(l)-term in y. In fact, it is not even enough to have 
boundedness in y of the 0 ((i,s,)(l)-term. □ 


Let us further explain the various conditions of Theorems I l.lf iil and ll.2l The condition 
p < (3 obviously ensures the existence of moments rrip, while assumption p < f3l2 ensures 
the existence of variance of the statistic V{p;k)n- The validity range of the central limit 
theorem [a G (0, A; — 2/13)) in (jl.Sp is smaller than the validity range of the law of large 
numbers in Theorem 1 1.1 I f hi [a € (0, A; — 1/13)). It is not clear which limit distribution 
appears in case of a G (k — 2//3,k — \//3). There are also two critical cases that correspond 
to a = A: — 1/p in Theorem ll.H il and a = k — 1/13 in Theorem ll.ll iil. We think that 
additional logarithmic rates will appear in these cases, but the precise proofs are a subject 
of future research. 


Remark 2.5. (i) To dehne the constant a appearing in Theorem II.2H ) we set 

a) roo 

K = - - / cD(y)y-l-V(l-«) dy, 

1 - a Jo 

where <h(y) := E[j77i + 2 /]^ — iXij^*], 7 / G M, and Xt is a linear fractional stable motion 
defined in (12.ip with cq = 1 and L being a standard symmetric /3-stable Levy process. 
In addition, set 


p-1 


r(2 -p)lcos(7rp/2)]’ 
where T denotes the gamma function. Then, 

Ty 


for all p G (1, 2), 


(2.4) 


a = Jcol^fT^ 


(l-a)/3 


K. 


The function $(?/) can be computed explicitly, see (|5.4p . This representation shows, 
in particular, that ^{y) > 0 for all y > 0, and hence the limiting variable S in 
Theorem is not degenerate, because a > 0. 


(ii) The constant in Theorem II.2f iil is given by 


00 „ 

rf = \coa\^^[e{Q)+ 2'^e{i)'^, e{i) = a~‘^ J ^ S 2 ) dsi ds 2 , (2.5) 

2=1 ^ ^ ‘2 
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Aisi, S 2 ) = exp j \sihk{x) - S 2 hk{x + i)\^ dx'^ 

- exp j \sihkix)\^ + \s 2 hk{x + i)f dx^ , 
where the function is defined at dES]) and Up := fj^(l — exp(iw))|rt| ^ p du. 


□ 


Remark 2.6. Let us explain the somewhat complex form of the variance rf in ()2.5I) . A 
major problem of proving Theorems ll.2l fiii is that the covariance structure of stationary 
summands of V{p;k)n can not be computed directly. However, the identity 

\x\P = a~^ / (1 — exp(mx))|u|“^“^(itt for pE (0,1), (2.6) 

J M. 

which can be shown by substitution y = ux {ap is defined in Remark l2.5lf iiH. turns out 
to be a useful instrument. Indeed, for any deterministic function : M —)• M satisfying 
ip E L^(M), it holds that 


E 



= exp 



\ip{s)fds 


(2.7) 


where cr > 0 is the scale parameter of L. These two identities are used to compute the 
variance of the statistic V (p; k)n and they are both reflected in the formula for the quantity 
e{i) in (US]). □ 


Remark 2.7. A key to the proof of Theorem ll.2f ii) is a quite technical Lemma [6.3l which 
gives an upper bound for the covariances of the summands of V (p; k)n- We do believe that 
the obtained decay rates, which are explicitly derived in the proofs of Lemma [6.21 and [6.31 
are essentially sharp (possibly up to a log rate) and they might be of independent interest. 
Our estimation method is based upon the identities (|2.6I) and (|2.7I) . From this perspective 
it differs from the typical proofs of asymptotic normality in the framework of discrete 
moving average (cf. |24l [25l I39ji. We also remark that their conditions, translated to 
continuous time Levy moving averages, are not satisfied in our setting. □ 


The asymptotic theory of this paper has a variety of potential applications and ex¬ 
tensions. Let us first remark that Theorem 11.11 uniquely identifies the parameters a and 
/3. Notice that the convergence rates of Theorem ll.ll ii-fiiii are all different under the 
corresponding conditions. Indeed, it holds that 

p(a + 1//3) — 1 < ap < pk — 1, 

since in case (i) we have a < /c — 1/p and in case (ii) we have p < jd. Hence, computing the 
statistic V (p; k)n at log scale for a continuous range of powers p identifies the parameters a 
and j3. More specifically. Theorem II.ll iii can be applied directly to estimate the parameter 
a + 1//3. Indeed, we immediately obtain the convergence in probability 

2_n 


2p{oL+i/p)-i 
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under conditions of Theorem ll.llf ii). Thus, a consistent estimator of a (resp. /?) can 
be constructed given the knowledge of /3 (resp. a) and the validity of conditions a G 
(0,1 — 1//3) and p < P (similar techniques remain valid for an arbitrary k > 1). We 
refer to a recent work [ 22 ], which applies log statistics of linear fractional stable motion 
to estimate parameters a and /?. 

The results of Theorems 11.11 and O can be extended in various directions. One may 
prove functional convergence for a partial sums formulation of the statistic V (p; k)n (the 
reformulation of asymptotic results is then rather obvious). For instance, we immediately 
obtain uniform convergence in probability in Theorem II.ll hi and (iii), because the limits 
are continuous in time and the statistic is increasing in time. It is likely to deduce the weak 
convergence towards a Brownian motion, resp. symmetric (1 — Q;)/3-stable Levy process, in 
Theorem 1 1.2 I ii). resp. (i) (cf. e.g. |39] for functional limit theorems in the discrete case). 
The case of Theorem o:i) might be more complicated to handle. 

In another direction the limit theory may well be extended to integrals with respect 
to stationary increments Levy moving averages (see e.g. m for some related results) or 
to the so called ambit processes, which include an additional multiplicative random input 
in the dehnition of the model (see [7| for the dehnition, properties and applications 
of ambit processes). In this context the Bernstein’s blocking technique is usually used to 
extend Theorems 11.11 and O to a more complex setting. 


3 Preliminaries 

Throughout the following sections all positive constants will be denoted by K, although 
they may change from line to line. Also the notation might change from subsection to 
subsection, but the meaning will be clear from the context. Throughout all the next 
sections we assume, without loss of generality, that cq = 5 = a = 1. Recall that g{t) = 
go{t) = 0 for all t < 0 by assumption. 

For a sequences of random variables (y)i)„gN dehned on the probability space (11, P) 

C—s 

we write Yn —?• Y ifYn converges J^-stably in law to Y, i.e. T is a random variable dehned 
on an extension of (H, P) such that for all J^-measurable random variables U we have 
the joint convergence in law {Y^, U) (T, U). In particular, y„ ^-4 Y implies Yn Y. 

C—S C—s 

For A G we will say that Yn —?■ Y on A, if Yn —>• Y under P|^, where P|^ denotes the 
conditionally probability measure B i—)• P(i? n A)/P(A), when P(A) > 0. We refer to the 

p 

work mm for a detailed exposition of stable convergence. In addition, —> will denote 
convergence in probability. We will write V{Y,p-, k)n = C7=k when we want to 

stress that the power variation is built from a process Y. On the other hand, when k and 
p are hxed we will sometimes write V(Y)n = V{Y,p; k)n to simplify the notation. 
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For all n, i G N set 


9i,ni^)= j)/n-x), 

j=o 

hi,n{x) = “ ^) + ’ 

i=o 

gn{x) = n°‘g{x/n), x G R. 

In addition, for each function (/): R —R define D^cj)-. R —R by 



(3.8) 

(3.9) 

(3.10) 

(3.11) 


In this notation the function hk, defined in (II.5p . is given by hk = D^cj) with (/> : x x". 

Lemma 3.1. Assume that g satisfies condition (A). Then we obtain the following esti¬ 
mates 


\gi,n{x)\ < K{i/n - x)"^, x e [{i - k)/n,i/n], (3.12) 

\gi,nix)\ < Kn~’^{{i - k)/n - x)^~^, x € {i/n - l,{i - k)/n), (3.13) 

|5i,n(^)| ^ Kn (x) -|- g^ ^((f k')/n x)l(_Qo^(j_;j)y^_]^^(x)^ , (3.14) 

X G (—oo,z/n — 1]. 

The same estimates trivially hold for the function hi^n- 

Proof. The inequality ()3.12p follows directly from condition (11.41) of (A). The second in¬ 
equality (j3.13p is a straightforward consequence of Taylor expansion of order k and the 
condition |gr(^)(t)| < Kt°‘~^ for t G (0,1). The third inequality (|3.14l) follows again through 
Taylor expansion and the fact that the function g^^'^ is decreasing on (l,oo). □ 


4 Proof of Theorem 11.11 

In this section we will prove the assertions of Theorem 11.11 
4.1 Proof of Theorem ll.llf i) 

The proof of Theorem o:i) is divided into the following three steps. In Step (i) we show 
Theorem o:i) for the compound Poisson case, which stands for the treatment of big 
jumps of L. Step (ii) consists of an approximating lemma, which proves that the small 
jumps of L are asymptotically negligible. Step (iii) combines the previous results to obtain 
the general theorem. 
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Before proceeding with the proof we will need the following preliminary lemma. Let 
{x} := X — [xj € [0,1) denote the fractional part of x G M. The lemma below seems to 
be essentially known (cf. [201142] i. however, we have not been able to find this particular 
formulation. Therefore it is stated below for completeness. 

Lemma 4.1. For d > 1 let V = (Ti,..., V^) be an absolutely continuous random vector 
in with a density x: —)• M+. Suppose that there exists an open convex set ^ C 

such that V is continuous differentiable on A and vanish outside A. Then, as n ^ oo, 

{{nVi},{nVd}) ^U={Ui,...,Ud) 

where Ui,...,Ud are independent U{[0,1]) -distributed random variables which are inde¬ 
pendent of T. 


Proof. For x = (xi,..., Xd) G let {x} = ({xi},..., {x^}) be the fractional parts of its 
components. Let / : x —)• R be a C^-function which vanish outside some closed ball 
in ^ X R'^. We claim that for all p > 0 there exists a constant K > 0 such that 


Dp := 


/ f{x,{x/p})v{x)dx— / ( / f{x,u)du\v{x)dx <Kp. (4.1) 

J'R'i Jr* ^ 


Indeed, by (|4.1I1 used for p = 1/n we obtain that 

E[f{V,{nV})]^E[f{V,U)] asn^oo, 


(4.2) 


with U = {Ui ,..., Ud) given in the lemma. Moreover, due to [U Proposition 2(D”)], (14.2h 

C—s 

implies the stable convergence {nV} —> U as n ^ oo, and the proof is complete. Thus, 
it only remains to prove the inequality (j4.ip . At this stage we use a similar technique as 
in [201 Lemma 6.1]. 

Define (j){x,u) := f{x,u)v{x). Then it holds by substitution that 

/ f{x,{x/p})v{x)dx='y' / + pu,u)du 


and 


/ ( / f{x,u)du\v{x)dx= y i cj){x,u) dx\ du 

^4(pi,p0+i)] > 


Hence, we conclude that 


Dp < 


E / [ 

JipjAj+P] 


(/)(x, u) dx — p^(j){pj + pu, u] 


du 


/ 

-'{0.1]'' -'(pi.pL+i)] 


0(x, u) - (t){pj + pu, u] 


dx du. 
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By mean value theorem there exists a positive constant K and a compact set B C x 
such that for all j G x G {pj, p{j + 1)] and u G (0,1]'^ we have 


(t){x, u) - (l){pj + pu, u) 


< Kplsix, u). 


Thus, Dp < Kp fj^d l_B(x,n) dxdu, which shows (|4.1I) . 


□ 


Step (i): The compound Poisson case. Let L = {Lt)t£M. be a compound Poisson process 
and let 0 < Ti < T 2 < ... denote the jump times of the Levy process {Lt)t>o chosen in 
increasing order. Consider a hxed e > 0 and let n G N satisfy e > n~^. We dehne 

rig := |a; G : for all A; > 1 with Tk{uj) G [0,1] we have \Tk{u) — Tk_i{uj)\ > e/2 

and ALs = 0 for all s G [—e, 0]|. 

Notice that fie t ^ e i 0. Now, we decompose for i = k,... ,n 


Aff,X = Mi,n.e + R 


z,n,£ I 


where 




'^-e/2 

n. > 


dLsi 


Ri.n.e — 


/ 


i-s/2 

rj, ' 


dLg, 


and the function is introduced in (I3.8p . The term Mi^n,s represents the dominating 
quantity, while Ri^n,e turns out to be negligible. 

The dominating term: We claim that on and as n —?• 00 , 


where Z= ^ lABrJ^Vm, (4.3) 

i=k m:T,ng(0,l] 

where Vm, m > 1, are dehned in ()1.6p . To show (|4.3p let im = im(w,n) denote the 
(random) index such that Tm G {{im — ^)/n,im/n]. The following representation will be 
crucial: On Og we have that 


n 

i=k 

Vn,e = n^P \ALtJP 

m: TmG(0,l] 


with 


( {enl2\+Vm 

Y 

1=0 


,+l,n 


{TmW 


(4.4) 


where the random index Vm = Um(w, n, e) are given by Um = 0 if ([en/2] +im)/u —e/2 < Tm 
and Urn = — 1 else. Indeed, on and for each i = k,... ,n, L has at most one jump in 
{i/n — e/2,i/n\. For each m G N with Tm G (0,1] we have Tm G {i/n — e/2,i/n\ if and 
only if i G {im, ■ ■ ■, [en/2] + im + Vm} (recall that e > n~^). Thus, 


iJwr = iALT„i'> 

TmG(i/n—e/2,i/n] 


({enl2\+Vm 

’’Yj \9im+l,n{Trr 
1=0 


(4.5) 
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and by summing (14.5|] over all m € N with € (0,1], (14.4p follows. In the following we 
will show that 

14 ,e —> as n —>■ oo. 


For d> 1 it is well-known that the random vector (Ti ,... ,Td) is absolutely continuous with 
a C^-density on the open convex set A := {(xi,..., x^) € : 0 < xi < X 2 < • • • < xj} 

which is vanishing outside A, and thus, by Lemma l4.ll we have 

{{nTm})m<d ^ {Um)m<d as n oo (4.6) 


where are i.i.d. Z^([0, l])-distributed random variables. By (|1.4I1 we may write 

g{x) = x“/(x) where /: R —)• M satisfies /(x) —)• 1 as x I 0. By definition of im we have 
that {nTm} = im — nTm and therefore for all / = 0,1,2,... and j = 0,..., k, 


a I ^ im j r-r \ a {^ im j m im j 

- T™, = re“' ^ 1 


n g 


n 


-T^rx 


— T 

J- rr 


n 


n 

= {l- 3 + {im - + n~^{im “ nTm)^ 

= j + {nTm}^ + n~^{nTm }^, 

which by (j4.6h and /(x) ^ 1 as x | 0 shows that 
' I -\- im ~ 3 




-r„ 


n 




m<d 


as n ^ oo. 


(4.7) 


Eq. (14.7p implies that 


^ {/!»((+ (4.8) 

with hk being defined at (jl.Sp . Due to the J^-stable convergence in (|4.8p we obtain by the 
continuous mapping theorem that for each fixed d > 1 and as n ^ oo, 

( [£d/2]+'i;m 

E \^"MSiXra)Y‘ 

1=0 

( [£d/2]+Vm 

^ \hk{l + UmW 

1=0 

Moreover, for cj G D we have as d —)• oo. 



Zd{uj) t Z{u:). 

Recall that |/ifc(x)| < K{x — for x > k + 1, which implies that Z < oo a.s. since 

p{a — k) < —1. For alH G N with k < I < n, we have 


n^^\g^^+l,n{TmW<K\l-k\(^->^^P, 


( 4 . 9 ) 
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due to (I.I.l.Sj] of Lemma IXTl For all d > 0 set Cd = Ylmxi-T,n&[o i] \^^Tm\^ and note that 
Cd ^ 0 a.s. as d —)• oo since L is a compound Poisson process. By ()4.9p we have 

OO 

\Vn,e-Vn,,,d\<K{Cd + Co Y. 1^ - ^ 0 asd^oo 

l=[ed/2]-l 

since p{a — k) < —1. Due to the fact that n°^^Yl'i=k\^i,n,eY' — ^n,e a.s. on and 
Vn,e Z, it follows that ^ oa De, since E T. This proves 

M . 

The rest term: In the following we will show that 

n 

^ap ^ \Ri^n,e\^ “^ 0 as n ^ OO. (4.10) 

i=k 

The fact that the random variables in (jd.lOp are usually not integrable makes the proof of 
(jd.lOp considerable more complicated. Similar as in (j3.14p of Lemma l3. II we have that 

n^\9i,nisM{s<i/n-e} < (-s)|) =: V'(s) 


where K = K^:. We will use the function ■0 several times in the proof of (I4.10j) . which will 
be divided into the two special cases 9 E (0,1] and 9 E (1, 2]. 

Suppose first that 9 E (0,1]. To show ()4.10l) it suffices to show that 

sup n^\Ri^n,E\ < OO a.s. (4.11) 

ngN, i€{fc,...,n} 

since a < k — 1/p. To show (14.lip we will first prove that 



(s)x| A 1^ 


v{dx) ds < OO. 


(4.12) 


Choose K such that 'ip{x) < K for all a: E M. For u E [—K, K] we have that 

J (^|nx| A 1^ z^(dx) < iL J ^|xu| A dx 


K\u\^ 

K\u\^ log(l/u) 


dE(0,l) 
9 = 1, 


(4.13) 


where we have used that d < 1. By ()4.13l) applied to u = ijj{s) and assumption (A) it 
follows that (|4.12l) is satisfied. Since L is a symmetric compound Poisson process we can 
find a Poisson random measure p with compensator A (8> such that for all —oo < u < t < 
OO, Lt — Lu = X /r(ds, dx). Due to [28l Theorem 10.15], (I4.12p ensures the existence 

of the stochastic integral |V’(s)x| ^(ds, dx). Moreover, |V’(s)x|/r(ds, dx) can be 
regarded as an cj by w integral with respect to the measure puj- Now, we have that 

p{ds,dx) < / |'0(s)x|/i(ds, dx) < oo, (4.14) 

./rxK 


\n^R 


'2,n,e| ^ 


• (—oo,2/n—e] xH 


\n^ 9i,nis)x\ 
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which shows (I4.1ip . since the right-hand side of (j4.14p does not depend on i and n. 
Suppose that 0 G (1, 2 ], Similarly as before it suffices to show that 


sup 

neN,ie{k,...,n} (logn)V<? 


< oo a.s. 


(4.15) 


where q > 1 denotes the conjugated number to 0 > 1 determined hy 1/9 + l/q = 1. In the 
following we will show (|4.15l] using the majorizing measure techniques developed in |31j . 
In fact, our arguments are closely related to their Section 4.2. Set T = {{i,n)n > k, i = 
A:,..., n}. For (z, n) gT we have 


n^\R, 


'2,n,e| 


(logn)^/'? 


Ci,n ('S) dLi 


Ci,n{s) : — 


n 


(logn)^/*? 


e}' 


For t = {i,n) G T we will sometimes write Ct{s) for Ci,n('S)- Let t : T x T ^ M+ denote 
the metric given by 


r((i,n), {j,m)) = 


log(n — A: -|- 1) + log(m — A: -|- 1 ) (z, n) ^ {j, 1) 

0 {i,n) = {j,l). 


Moreover, let m be the probability measure on T given by m({(z, n)}) = Kn~^ for a 
suitable constant K > 0. Set Br{t,r) = {s G T ■. T{s,t) < r} for t G T, r > 0, D = 
sup{r(s, t): s,t G T} and 

/ 1 \ 1/9 

/g(m,r;L>) = sup / log— 7 ^- 7 —^ ) dr. 

teTJo ^ m{Br{t,r))/ 

In the following we will show that m is a so-called majorizing measure, which means that 
Iq{m,T,D) < 00 . For r < (log(n — A:-|-we have Br{{i,n),r) = {(z,n)}. Therefore, 
m{Br{{i,n),r)) = Kn~^ and 


L 


(log(n-A:+l)) 


-1/9 


log 


m{Br{{i,n),r)) 


1/9 


dr = 


I 


(log(n-fc-l-l)) 


-1/9 


/ \ 1/9 

( 3 log n + log K 1 dr. 

(4.16) 


For all r > (log(n — A -|- 1)) (A, A) G i?T-((z, tz), r) and hence m(i?T-((z, n), r)) > 

m({(A,A)}) =K{k + l)~^. Therefore, 


rD 


log- 


1/9 


dr 


' {\og{n—k+i))~^^i ^ m(A5T((z, zz), r)). 

/ \ 1/9 

(31og(A -I-1)-I- logiFj dr. 


(4.17) 


< 


f 

J (Ic 


' (log(n—fc+l)) 

By (I4.16P and (14.171) it follows that Iq{m,T,D) < 00. For (z,n) 7 ^ {j,l) we have that 

< ms). (4.18) 
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Fix to and consider the following Lipschitz type norm of C, 
llCllr(s) = F'"^|Cto(s)| + sup 

ti,t2£T-. 

T(ti ,*2)7^0 

By (I4.18|] it follows that ||C||t(s) < Kijj{s) and hence 

ljC\fAs)ds<K(2 + J^^\g^’^\s)fds)<^. (4.19) 

By [M l Theorem 3.1, Eq. (3.11)] together with Ig{m,T,D) < 00 and (|4.19p we deduce 
(|4.15p . which completes the proof of (I4.10p . 

End of the proof: Recall the decomposition = Mi^n,e + Ri,n,e hr (14.ip . Eq. (14.3p . 

(I4.10p and an application of Minkowski inequality yield that 

n^^V{p-, k)n —> Z on as n ^ 00 . (4.20) 

Since t ^ as e —>■ 0, p4.20l) implies that 

n“PE(p; k)n ^ 

We have now completed the proof for a particular choice of stopping times (rm)m>i) 
however, the result remains valid for any choice of F-stopping times, since the distribution 
of Z is invariant with respect to reordering of stopping times. □ 

Step (ii): An approximation. To prove Theorem 0(1) in the general case we need the 
following approximation result. Consider a general symmetric Levy process L = {Lt)t£S. as 
in Theorem 0( i) and let N be the corresponding Poisson random measure N(A) := ‘^{t : 
{t,ALt) G A} for all measurable ^4 C M x (M \ {0}). By our assumptions (in particular, 
by symmetry), the process X{j) given by 

Xt{j) = [ {{g{t - s) - gQ{-s))x} N{ds,dx) (4.21) 

is well-defined. The following estimate on the processes X(j) will be crucial: 

Lemma 4.2. Suppose that a < k — 1/p and 13 < p. Then 

lim limsupP(n"^E(A(j))„ > e) = 0 for all e > 0. 

n—^-oo 

Proof. By Markov’s inequality and the stationary increments of X{j) we have that 

n 

P(n“^'E(A(j))n > e) < E[|A'(,A(i)r] < e-^n‘^P^^E[\Al,X{j)n 

i=k 

Hence it is enough to show that 

lim limsupE[|y„j|P] = 0 with := n^+^/PAl,^X{j). 

n—700 ’ ’ ’ 


\Ch{s) - Ct2('S)l 
T{tl,t2) 


(4.22) 
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To show (I4.22|] it sufficers to show 

lim limsupj = 0 where ^n,j = / Xn{x)i'{dx) and 
j^oo n^ao ’ ’ J\x\<l/j 

Xn{x) = [ (\n'"^^^P 9 k,nis)xf'^{\n^+^/Pgt,,„is)x\>l} 

J —oo ^ 

which follows from the representation 


Y — 


/ {n°'^^'Pgk,n{s)x) N[ds,dx), 

'(-oo,fc/n]x[-4 4] 


and by [341 Theorem 3.3 and the remarks above it]. Suppose for the moment that there 
exists a finite constant K > 0 such that 


Then, 


Xn(x) < K{\x\^ + x^) for all x G [—1,1]. 


limsup { limsup^nj} < limsup / (|x|^ + x^) i^(dx) = 0 


(4.23) 


j^oo n—>-00 J—>-00 j\x\<l/j 

since p > /3. Hence it suffices to show the estimate (I4.23|) . which we will do in the following. 

= |2/P 

into the following three terms which need different treatments 


Let dip: M —)• R+ denote the function ^p{y) = |?/pl{|p|<i} + | 2 /|^l{|p|>i}. We split Xn 


rkjn 


Xn{x)= ^p(n^+^^Pgk,n{s)x) ds + 

J—kfn ^ ^ 

+ f ^p(n‘^~^^/Pgk,n{s)x'^ ds 


(‘—kin 


-1 


4 >p(n“+^/P 5 fc,n(s)a;) ds 


— • dl,n{x^ T ^2,n{x) T I^^nix)- 
Estimation of Ii^n- By (|3.12l) of Lemma l3.II we have that 

\gk,n{^)\ < K{k/n - s)“, s G [-k/n,k/n]. 
Since 4>p is increasing on M+, (14.2411 implies that 

f'2kln 

fo 

By basic calculus it follows that 

p2k/n 


(‘2k j n 

Ii,n{x) — ^ J ds. 


(4.24) 


(4.25) 


/o 




< iL(|x|^ + x^). 


(4.26) 
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Moreover, 


p2kln p2kln 

/ < / \xn^+^/PsYds<K\x\P. (4.27) 

J 0 »/ 0 


Combining (j4.25ji . (I4.26p and (I4.27h show the estimiate Ii,n{x) < itr(|x|^ + x^) 
Estimation of l 2 ^n- By (|3.13l) of Lemma l3.II it holds that 

|fffc,n(s)| < Kn~^\s\°'~’^, s € (-1, -k/n). 

Again, due to the fact that is increasing on M+, ()4.28l) implies that 


h. 


n{x) <K j ^p{xn^+^/P-^s^-^)ds. 

J kin 


For q: 7 ^ /c — 1/2 we have 


f 

J k/n 


\X7i S I ^ ^^^j^a + l/p — k — as 


< A'(iVi“+''''' *> + V-'i’ ‘ 

< K(^x^ + |x|^^ 

where we have used that a < k — 1/p. For a = k — 1/2 we have 


/ \xn S I l|-|3,^Q + l/p-fc^a-fe|<;^j 

J k/n 


ds 


(4.28) 


(4.29) 


(4.30) 


(4.31) 


< a;2n2(«+Vp-fc) / s -1 ds = a;2^2(a+l/p-fc) < ^^2^ 

J k/n 

where we again have used a < k — 1/p in the last inequality. Moreover, 

J k/n 

< A:|x|PnP(“+^/P-^) (l + (l/n)P(“-*^)+^) < K\x\P. (4.32) 

By (|4.29|) . (I4.3n|) . (|4.31|) and (j4.32p we obtain the estimate l 2 ,n{x) < K{\x\p + x^). 

Estimation of For s < —1 we have that |5A:,n('S)| < Kn~^\g^^\—k/n — s)|, by (|3.14l) 
of Lemma 13.11 and hence 


L?.,n{X} S 


/ oo 

%{n^+^/P-^g^’^\s)) ds. 


(4.33) 


We have that 

^OO 


/ OO 1*00 

|xn“+i/^’-"5(")(s)Pl{|.„.+i/P-V^)(.)|<i}^"<^'^'(“+'^'’"'^ I \9^'^K^)\"ds. (4.34) 
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Since is decreasing on (l,oo) and G L®((l,oo)) for some 9 <2, the integral on 
the right-hand side of (j4.34p is finite. For x € [—1,1] we have 

/ OO 

/ OO 

(4.35) 

From our assumptions it follows that the integral in (14.3511 is finite. By (j4.33p . (14.341) and 
(j4.35p we have that In,six) < iF(|x|^ -|- x^) for all x G [—1,1], which completes the proof 
of (I4.23P and therefore also the proof of the lemma. □ 

Step (in): The general case. In the following we will prove Theorem II.If il in the general 
case by combining the above Steps (i) and (ii). 


Proof of Theorem \ 1. IVj i). Let iTm)m'>i be a sequence of F-stopping times that exhaust the 
jumps of iLt)t>o- For each j G N let L{j) be the Levy process given by 


LtU) - Lu{j) = s<t, 


and set 


Moreover, set 


Xtij)= [git - s) - goi-s)) dLsU). 


T ■ — 



if|ALT^|>4 

else, 


and note that is a sequence of F-stopping times that exhausts the jumps of 

iLtij))t>o. Since L(j) is a compound Poisson process, Step 1 shows that 


n^PViXij))n^ Zj-.= Yl asn^oo, (4.36) 

where Vm, m, > 1, are defined in (HSI). By dehnition of Tm,j and monotone convergence 
we have as j ^ oo, 


Suppose first that p > 1 and decompose 

= {n^Wi^j))nY'^ + [{n^^V{X)nY'^ - in^PViXij))n)^/^ 

=■ y ■ x-Tj ■ 

Eq. (j4.36p and ()4.37p show 

Ynj ZY and ZY Z^/p. 

’ r ).—J J 


(4.37) 


n^oo 


j^co 


(4.38) 
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Note that X — X(j) = X{j), where X{j) is defined in (I4.21jl . For all e > 0 we have by 
Minkowski’s inequality 

limsuplinisupP(|[/rij| > e) < limsuplimsupP(n"^14(X(j))„ > e^) = 0 (4.39) 

j—>co n—>-00 j^oo n—>-oo 

where the last equality follows by Lemma 14.21 By a standard argument, see e.g. [T3l 
Theorem 3.2], (I4.38jl and (I4.39jl implies that which completes 

the proof of Theorem 11.1 I f il when p > 1. For p < 1, Theorem ll.ll fil follows by (I4.36p . 
(j4.37p . the inequality \V{X)n — V{X{j))n\ < V{X{j))n and [HI Theorem 3.2]. □ 


4.2 Proof of Theorem ll.llf ii) 


Suppose that a < k—1/j3, p < fi and L is a symmetric /3-stable Levy proces. In the proof 
of Theorem I l.ll iii we will use the process V = {Vt)t>o given by 


Vt = 



(4.40) 


to approximate the scaled version of /c-order increments of X. For a < 1 — 1//3, Y is the k- 
order increments of a linear fractional stable motion. For a > 1 — 1//3 the linear fractional 
stable motion is not well-defined, but Y is well-defined since the function hk is locally 
bounded and satisfies \hk{x)\ < for x > k + 1, which implies that € L^(M). 


Proof of Theorem \l.l\k ii). By self-similarity of L of index 1//3 we have for all n G N, 


where 


■.i = k,...,n} = {Vi^n ■i = k,...,n} 
D^gn{i - s) dLs, 


(4.41) 


Y.n = 


Qn and are defined at (I3.10p and (|3.11l) . and = means equality in distribution. In the 
following we will show that Vk^n and 14 are close in when n is large, where process V 
is given by ()4.40l) . For s G M let tpuis) = Pnis) — s". Since p < P, 

^p/0 

(4.42) 

(4.43) 

(4.44) 


E[114,n - nn = iL( ds 

To show that the right-hand side of (I4.42p converge to zero we note that 

poo poo 

/ \D^gn{s)f ds<Kn^^^-^^ / - k) / n)\d ds 

J n-\-k J n+k 

poo 

= / lff(^)(s)|^ ds ^ 0 as n ^ oo. 


Recall that for iji : s s“ we have D^(j) = /ifc G L^(M), which together with (I4.43|] - (I4.44I) 
show that 


• n-\-k 


O poo poo 

' \D>^gn(s)\^ ds + / 

n-\-k J n-\-k 


D^slfds 


0. (4.45) 
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By (I3.13|) of Lemma 13.11 it holds that 

\D^gn{s)\ < K{s - kr-’^ 


for s G {k + l,n). Therefore, for s G (0, n] we have 

\D^Ms)\ < + l{s>fc+i}(^ - kr-’^), (4.46) 


where the function on the right-hand side of (14.460 is in L^(M_|_). For fixed s > 0, ipnis) —>■ 0 
as n ^ oo by assumption (II.4p . and hence D^ijjnis) —)• 0 as n ^ oo, which by (I4.46jl and 
the dominated convergence theorem show that 



D^fpnis)]^ ds 0. 


By (14.421) . (I4.45|) and (j4.47p we have — 14|^] —)• 0 as n —)• oo, and hence 


E 



i=k 



1 

-^E[\Vi,n - DH < E[|Bfc,„ - nn ^ 0 

i=k 


(4.47) 


(4.48) 


as n —)• oo. Moreover, (V))tgR is mixing since it is a symmetric stable moving average, see 
e.g. [IS]. This implies, in particular, that the discrete time stationary sequence is 

mixing and hence ergodic. According to Birkhoff’s ergodic theorem 


1 ^ \ 

— \Vi\^ E[|14|^] = mp G (0, oo) as n —>■ oo, (4.49) 

i=k 

where nip has been defined in Theorem II.Ilf jib The equality nip = E[|14|p] follows by [36l 
Property 1.2.17 and 3.2.2]. By ()4.48p . Minkowski’s inequality and (14.491) . 


n 




Trip as n ^ oo, 


i=k 


which by (|4.4ip shows that 


n 


- lb -| IL 

■i+P("+i//^)y(A)„ = - y |n"+^/^AT AjP = - y ^j. 

n ’ n 

i=k i=k 


rur 


as n — 7> OO. This completes the proof of Theorem ii). 


□ 


4.3 Proof of Theorem ll.llf iii) 

We will derive Theorem ll.ll fiiii from the two lemmas below. For A; G N and p G [l,oo) 
let denote the Wiener space of functions C ^ [0,1] —)• M which are /c-times absolutely 
continuous with G 1]) where = d^C,{t)/dt^ A-a.s. First we will show that, 

under the conditions in Theorem ll.ll fiii). X G a.s. 
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Lemma 4.3. Suppose that p 9, p > 1 and (A). If a > k — l/{pV f3) then 

XeW’^’Pa.s. and ^Xt = j g^’^\t-s)dLs \^F-a.s. (4.50) 

Eq. (j4.50l) remains valid for p = 9 if, in addition, (A-log) holds. 


Proof. We will not need the assumption p.4|) on g in the proof. For notation simplicity 
we only consider the case k = 1, since the general case follows by similar arguments. To 
prove ()4.50p it is sufficient to show that the three conditions (5.3), (5.4) and (5.6) from [TTl 
Theorem 5.1] are satisfied (this result uses the condition p > 1). In fact, the representation 
(|4.50p of {d/dt)Xt follows by the equation below (5.10) in [T3]. In our setting the function 
a defined in Eq. (5.5)] is constant and hence (5.3), (5.4) and (5.6) in [H] simplifies to 


/ 

Jr 

f 

Jo 


oo]] ds < oo. 


lb'llLP([s,l+s]) ' 

J ^|xp^(s)|^ A 1^ v{dx) ds < oo, 

1 r . P/h'WLViis ,1 + s]) 

/ |p^(t + s)|^( / pP v{dx)] ds dt < oo 

Jr ^ Jr/\g'{t+s)\ 



(4.51) 

(4.52) 

(4.53) 


for all r > 0. When the lower bound in the inner integral in (|4.53p exceed the upper 
bound the integral is set to zero. Since q;> 1 — l//3we may choose e > 0 such that 
(a — l)(/3 + e) > — 1. To show (|4.51D we use the estimates 


II5^IIlp([s,i+s]) <+ l{s>i}iy('S)|^ , s € M, 


and 


i/((tt, oo)) < 


Ku ® n > 1 

Ku-P-^ uE(0,l], 

which both follows from assumption (A). Hence, we deduce 
1 


|91Ilp([s,1+s]) 
1 


, oo ) ) ds 


/-I 


< / 1 / —,oo ds + 


K 


i: 


1 


K\g'{s)\ 


, oo ) ) ds 


< 




which shows (|4.5ip (recall that \g'\ is decreasing on (l,oo)). To show (I4.52p we will use 
the following two estimates: 


^|s" A 1^ ds < < 


+ 1{|3;|>1}) « < 1/2 

K f l{|x|<i}a:^ log(l/x) + l{|x|>i}) a = 1/2 (4.54) 

+ l{|a;|>i}) a > 1/2, 
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and 




{\xg'{s)\‘^ /\l^x ^ ^ dx < K\g'{s)f. 


For a < 1/2 we have 


(4.55) 



where the hrst inequality follows by assumption (A), the second inequality follows by 
(j4.54p and (I4.55p . and the last inequality is due to the fact that 1/(1 — a) > /3 and 
g' G L^((l,oo)) n L^((l,oo)). This shows ()4.52l) . The two remaining cases a = 1/2 and 
a > 1/2 follow similarly. 

Now, we will prove that (I4.53P holds. Since l^f'l is decreasing on (l,oo) we have for all 
t € [0,1] that 


/ \g'{t + s)\^( / v{dx)] ds 


r/\g'{t+s)\ 

'•i/ls'WI 


< 


< 


/ |( 7 '(s)r( / xPv{dx)]ds 

Jl Jr/\g'{l+s)\ ' 

/ I9'(»)r(l9'(»)l"-’’ - |9'(» + l)/>-|"-’’)l(./|»'(l+.)|<l/|,'(,)|) ds. (4.56) 


For p > 0, (I4.56h is less than or equal to 


K r°° 

- n \g'{s)f ds < oo, 

P-o Jl 

and for p < 0, (j4.56p is less than or equal to 

KrP~^ r°° KrP~^ /■°° 

- / \g'{sW\g'is + l)f-Pds<- - / \g'{s)f ds <oo, 

0-p Jl 0-p Jl 


where the hrst inequality is due to the fact that \g'\ is decreasing on (1,(X)). Hence we 
have shown that 




l/ll9'lliP([s,l + s]) 
/\9'(t+s)\ 


x^ u{dx)^ 


dsdt < oo 


(4.57) 


















29 


for p ^ 0. Suppose that p > f3. For t € [0,1] and s G [—1,1] we have 
'■l/ll5'lhp([s.i+s]) 


L 


r/\g'{t+s)\ 


v{dx) < 


'■l/llff'lhp([s.i+s]) /■! 

x^ ^{dx) + / x^ v{dx) 

L Jr/\g'{t+s)\ 


<K \\g 


d\\^~P 

Ilp([s,1+s]) 


+ 1 


and hence 


1 /■! 



1 / /■l/ll9'lhp([s,i+s]) 

|( 7 '(t + s)|^( / x^v{dx)]dsdt 

1 ^Jr/Wi 


r/\g'{t+s)\ 


< K 


J ^\\9'\\LP{[s,s+l])ds + J 9'\ 


LP([s,l+s]) ) < °°- 


(4.58) 

(4.59) 


Suppose that p < jd. For t G [0,1] and s G [—1,1] we have 

/■l/ll9'lll,P([s,l+s]) /a n \ 

I xP v{dx) < K (II 5 llLpf[,,i+,]) + \9'{t + 


lr/\g'{t+s)\ 


and hence 


(7: 


L / /■l/ll9'lhp([s,l+s]) \ 

|5^(t + s)|^( / xP i'{dx)j ds dt 

1 \ Jr/\g'{t+s)\ 


< K 


lb' 


-1 


fwQ 

LP([s,s+l]) 


ds+ y jb'ii?;: 


L/5+'([s,1+s]) ' 


ds I < 00 


(4.60) 

(4.61) 


since {a — l)(/3 + e) > —1. Thus, (|4.53l) follows by (I4.57F (I4.58p - (l4.59p and (I4.60p ^ (|4.6ip . 

For p = 9 the above proof goes through except for (|4.57l) . where we need the additional 
assumption (A-log). This completes the proof. □ 


Lemma 4.4. For all ( G W^'P we have as n ^ 00 , 

f\&\s)\Pds. 

Jo 


(4.62) 


Proof. First we will assume that C G C'*^+^(M) and afterwards we will prove the lemma by 
approximation. Successive applications of Taylor’s theorem gives 



1 

r T 

nK 


uGN, k < i < n 


where ai^n £ satisfies 

|ai,n| < Kn 

By Minkowski’s inequality, 

i/p 


-fc-i 


n G N, k < i < n. 


n"^-V(C)n 


j=k 


i — k\ 1 


n / n‘ 


p\ i/p 


< (nP’^-^ < Kn-^-^IP ^ 0 . 


j=k 
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By continuity of we have 


n 


kp— 


'E 

i=k 


i — k\ I 


n / n 


j\&\sWds 

Jo 


as n —7> oo, which shows (I4.62h . 

The statement of the lemma for a general C £ follows by approximating through 
a sequence of C'^'’'^(M)-functions and Minkowski’s inequality. This completes the proof. □ 


Proof of Theorem M . iV iii) . The Lemmas 14.31 and 14.41 yield Theorem ll.lf iiil. 


□ 


5 Proof of Theorem 11.2 

We recall the definition of rop in Theorem I l.lf iil and of gi^n introduced at (13.8p . Through¬ 
out this section the driving Levy motion L is a symmetric /3-stable Levy process with scale 
parameter 1. 

5.1 Proof of Theorem [TT^i) 

Throughout the following subsection we assume that the conditions of Theorem [Eli) 
hold, in particular, k = 1. For all n > 1 and r > 0 set 

4>r{s) = Dgn{r - s) = rf'igi^—-) - g{-—-—-)), (5.1) 

y«= r ^^{s)dLs, c = iE”r-]E[|i;"n. 

J —oo 

Due to self-similarity of L of order 1//3 we have for all n G N that 

!)„ - rup^ = Sn + Vn 

where 

n 

^ y” and (E[|y”lP] - m^). (5.2) 

We will show Theorem ll.2f il by showing that —>• 0 and Sn —^ S, where S is the 
limit introduced in Theorem ll.2l fiL The convergence Sn —^ S follows by the following 
Steps 1-3, whereas 0 follows by Step 4. 

The following estimates will be useful for us. Let W denote a symmetric /3-stable 
random variable with scale parameter p G (0, oo) and set 

^p{x) =E[\W+ x\P]-E[\W\P], xGM. (5.3) 

Using the representation (|2.6I) it follows that 

4>p(x) = f (l — cos(rtx))e“^^l“l^|tt|“^“^ dn. 

J M. 


(5.4) 
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Let e > 0 be a fixed strictly positive number. Prom (j5.4p . we deduce that Hp is two times 
continuous differentiable, and 


^"p{x)\ 




du 


< 



which implies that there exists a finite constant such that for all /? > e and all x £ M 


|<i>"(x)| < K,. (5.5) 

By (j5.4l) we also deduce the following estimate by several applications of the mean-value 
theorem 

|$p(x) - $p(?/)| < K^(^{\x\ A 1 -h |y| A l)|x - y\l{\x-y\<i} + k - y\Pl{\x-y\>i}J (5.6) 

which holds for all p > e and all x, y G M. Eq. (15.6p used on y = 0 yields that 

\^p{x)\<K,{\x\P A\x\^), (5.7) 


which, in particular, implies that 

|‘hp(x)| < iLe|x|^ for ain G (y,/3). (5.8) 

Moreover, for all r G (y, 2] and yi, y 2 > e we deduce by ()5.4p that 

l‘^pi(^) “ ^P 2 (®)l ^“ P 2 ll®r for all X G M. (5.9) 


We will also need the following estimate: 

Lemma 5.1. For all k,t G {[0,1]) mt/i ||«:||£,/9 qo,i])) II'^IIl/5([op]) < 1 set [/= k(s) dLg 
and V = fg t(s) dLg. Moreover, let <hp he given hy (15.31) . For all r G (l,/3) and e > 0 we 
have 


\\<PpiU)-<PpiV)\\Lr 


[O.W) 


<Kp 


I II ||/9/'r—1—e\ II II I II wh!''' \ 

+ ll''■|lL/3([0,l])^ 11^ ''■|Il^([0,1]) + 11^ 


Proof. Let q G {r,j3). Using (15.6p . Minkowski inequality and Holder inequality on q and 
q' := rq/{q — r), which satisfies the equality 1/r = 1/q -|- 1/q', we obtain 

\\<^p{U)-<l>p{V)\\Lr 

< Kp[[\\\U\ A lll^p + |||U| A 1\\l,'}\\U-VU. + |||U - V\Pl^^u-V\>i}\\Lr). (5.11) 
Since q — r < 1 < r we have q' > q, and hence 

|||U|Al||^p <E[|U|^]^ 

A similar estimate holds for U. Let IE be a standard symmetric /3-stable random variable. 
For all b G (0,1] and all u < /3 we have the estimate 

E[|6wri||b^l>i}] < Kb^, 


(5.12) 
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which follows from the fact that W has a density i] satisfying ri{x) < K{1 + \x\) ^ ^ 
X G M, see e.g. [lH Theorem 1.1], and hence by substitution 


E[\bW\^l{\bW\>i}]= / \bx\'’l{\bx\>i}Vix)dx 

Jr 

< Kb~^ ( \x\^ls^\x\->^\h~^x\~^~^ dx = Kh^. 

Jr 

By applying (|5.12p with u = pr on the last term in (jb.llll we obtain the desired estimate 
(15TB . □ 


Recall the definition of in (|5.1I) . and set 

= (j-«)+-(j-«-!)+■ (5-13) 

From Lemma l3.ll we obtain the estimates 

||(/>”|Il/3([0,i]) < ll</>jllL/5([0,i]) < (5-14) 

which will be used repeatedly throughout the proof. Set, moreover, 

pm+1 

Pj 11^1 IIl^(M\[— j,—_7+l])5 PO II^i|Il^(M)5 ^r,m / (j^r 

J m 

and for all r E M set 

Qr = cr(Ls — Lu ■ s,u < r) and = a{Ls — Lu ■ r < s,u < r + 1). 

We note that {Q^)r>o is not a filtration. We are now ready to prove the first approximation 
of {Sn)n>i in (fSB . 


Step 1. Set 

n OQ 

s'^ := ^ z;, Z- := (5-15) 

r=l j=l 

In the following we will show that 

5, - A 0. (5.16) 

Before showing (|5.16l) let us show that the infinite series Z”, defined in (|5.15l) . converges 
absolutely a.s. To this end fix n and r and set 9j := j > 1. Notice that 

9j = - E[<hpn(I7)l^_^.)]. Since p'j ||l/3(r) as j 00 , we have for all n > 1 

large enough that there exists jo = join) such that {p” : j > jo} is bounded away from 
zero, which combined with ()5.8p and ()5.14l) implies that for all I G (p, /3) 

E[|0,|] < 2E[|<I.p.(I/-,_^.)|] < m\u:j,r-j\'] < Kj^'^-^J. (5.17) 


Since the right-hand side of (I5.17P is summable in j for all I close enough to (3 by the 
assumption a < 1 — 1//3, it follows that dj converge absolutely a.s. 
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In the following we will show (I5.16|] by showing that is suitably close to Z”, and 
to this aim we will use the following telescoping sum decomposition of 

OO 

K" = [mnor-j+i] - nK^iGr-j]), (5.18) 

i=i 

which follows from the fact that \\m.j^oo^\y^\Qr-j\ = £[17^] = 0 a.s. Such decompositions 
go back to [21] in the discrete time moving average setting. By definition of and (|5.18l) 
we have 




ryn \ ^ 


r=l 


n I /->1 


:= E[K"ie.-,+i] - mnor-j] - iE[K”ie.^-,]- 


We now use a telescoping sum decomposition of 


/-n _ an 

^r,j ^r,j,h 

1=3 


:= nCM-j V Gr-l] - nCM-j V Gr-l-l], 


(5.19) 

(5.20) 


(5.21) 


which follows from the fact that limi^oo^[Crj\Gr-j V Gr-i] = ^[Cr,j\^r-j] = ^ a.s. The 
next lemma gives a moment estimate for ^. 

Lemma 5.2. Let be defined in ()5.21l) and 7 G [l,/3). Then there exists N > 1 such 
that for all n > N,r < n,j > 1 and I > j. 


Proof. For fixed n, j, I, {'drj i ■ r > 1} is a stationary sequence, and hence we may and do 
assume that r = 1. Furthermore, we may and do assume that I > j V 2, since the case 
I = j = 1 can be covered by choosing a new constant K^. By definition of ^ we obtain 
the representation 

= n\YiT\0l-j V Gi-i] - E[\Yfi\P\Gi-i] - E[\Yfi\P\Gl_j V G-i] + E[\Yfi\P\G-i]. ( 5 . 22 ) 

Set p^i = ||<^i For large enough > 1 there exists e > 0 such that 

p'ji > e for all n > A^, j > 1, / > j V 2 (we have p'^i = 0 for / = 1). Hence by (15.5h there 
exists a finite constant K such that 


< K for all n > A^, j > 1, / > j V 2, X € M. (5.23) 


Let ^ ^ 

Af=[ fif{s)dLs, B^=j ' fi^^{s)dL,, 

J—OO j 

and (HJYi,H”) denote a random vector which is independent of L and which equals 
in law. Let moreover E denote expectation with respect to only. 
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From (15.221] we deduce that 

(Af + + B^) - (^r + A+i + B^) 




- {Ai+ sr+i+ B^) + {A?+ ^r+i+ B^) 


= E 


Jb^ Jb, 


IB" ^ 

3 l + l 


(-^/ ~\~ U\ “h 1^2) du^ d'll 2 

^3,1 


where denotes — if x < y. Hence by f|5.23p we have 

< KijBjx.B^i'y + \B^\m[\Br+x]+n\B^n\Br+x+n\B^\^^^^^ 

and by independence of B^ for all I > j we have 

E[ic,,,ji < m\B^m\Bjxx] < ^ii</>"iil.([o,i])ii<^r+iiii.([o,i])- 

Hence, (15.1411 completes the proof. 


□ 


For all m < —j, the sequence I 4 := for k = m,..., —j, is a martingale 

difference in the filtration := Ql_j V Gr+k^ k = m,..., —j. Hence by the von Bahr- 
Esseen inequality (see e.g. [38l Lemma 4.2]) we obtain for all 7 G [l,/3) 

CXD 

E(IC”jri<2j^E[|<,,,r]. (5.24) 

1=3 

According to Lemma [521 we have the estimate Ell'll"^-J'’'] < K, which to¬ 
gether with (15.2411 implies that 


EllC^j-ri < < Kj2(a-1)7+1_ (5^25) 

1=3 

Eq. (15.2511 used on 7 = 1 yields that series i?” = Crj converges absolutely a.s. Thus, 
by rearranging the terms in (j5.19p - (|5.2np using the substitution s = r — j, we have 

n—1 n 

- 5 ; = M; with M;:= J] Qrs- 

s=-oo r=lV(s+l) 

Recalling the dehnition of C”j in (|5.20ll . we note that E[Q^_g|^ 5 ] = 0 for all s and r, 
showing that that {M” : s G (—oo,n) H Z} are martingale differences. Using again von 
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Bahr-Esseen inequality ( |38[ Lemma 4.2]) we deduce that 

n\Sn - S'S'] < 


s<n 


s<n \r=lV(s+l) 


< ^ (r- s)lA'+2(a-l) 

s<n \r=lV(s+l) 


—: An 


It now remains to prove that An 0, and to do this we distinguish two cases (recall 
that 1 < r' < /3 close enough to /3). Split An = I]-n<s<n + Z]s<-n =• and 

assume for the moment that 1/(3 + 2{a — 1) < —1 holds. Since the inner sum is summable 
(for r' close enough to (3) we immediately see that A'n < Krf Since (3 > 1 and 

a E (0,1 — 1//3) we deduce that A^ —)• 0. On the other hand, a direct computation shows 
that 

A" < iLn^'/(“-l)/3+3+2r'(a-l)^ 

and since f3{a—l) < — 1 , we readily obtain that A'/ —>■ 0 . Now, assume that l//3+2(a— 1 ) > 
— 1. Then 

A' < 7^f^^V(“-l)/3+2+?’'+2r'(a-l) 

Since 1/(3 + 2{a — 1) > —1, which is equivalent to 1 + 2(3{a — 1) > —(3, we obtain for r' 
close enough to (3 

A'n < ^ 0 . 


The convergence A'/ —)• 0 is shown as above. 


□ 


Next we will show that S'n can be approximated by a rescaled sum of certain i.i.d. 
random variables r > 1. 

Step 2. Set IL7j := (j)j{u) dLu and 

n oo 

:= ^ Z, := ^ [^p,{Wj+r,r) - E[<l>p,{Wj+r,r)]}, 

r=l j=l 

where po bas been defined at (I5.13|) . We will show that 


- Sn 


0 . 


The series Zr converges absolutely a.s. according to the same arguments as used in Step 1. 
Recall from Step 1 that E\y/3\Ql_j] = ^p^iU^r-j) — ^be series S'n 
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converges absolutely a.s. By rearranging the terms in by the substitution s = r — j, 
we obtain the decomposition S'^ — S" = Rl^ — R‘^ + R^, where 


( n—s X 

j=l-s J 

i?2 j ^ +,,,)]} I 


s=0 \j>n—s 


Rl := 


n—1 / n—s 




s=o \i=i 


Now, we will show that all terms converge to 0 in probability. We start with the term R^. 
For any I G (p, /3) with l{a — 1) < —1, we have deduce by (15.Sp and (I5.14p 


n—1 

E[|ii2|]<2nV(“-i)/5^ E[|ch,3(W,■+,,,)!] 

s=0 j>n—s 

n—1 n—1 

E E 

s=0 j>n—s s=0 

Choosing I arbitrary close to /3, and taking into account that 

2 + f3{a-l) < 1/(1-a)/3, 

where the latter comes from the fact that 2 — x < 1/x for any x > 1, we conclude that 

Ao. 

1 IP 

In a similarly way we prove R^ —> 0 in the following. By our assumptions we may 
choose iV > 1 such that {p'J '■ n > N,j > 1} is bounded away from zero. For any I G {p, /3) 
with l{a — 1) < —1 and n > N we have by (|5.8p and (|5.14l) that 


s<0 j=l—s s<0 j=l—s 


< 


^^l/(a-l)/3 ^ |(l - s)(“-i);+i -(n- s)("-i)'+i| 

s<0 
n 


(5.26) 


n=l 


The estimate (I5.26p implies R\ 


0 as above. 
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Next we will show that —> 0. We start with the following simple estimate 

n—1n—s 


E[|i?3|] < 2nV(“-i)/3 

s=0 j=l 
n 

< 2nV(“-i)/3+i - ci>^„(y,,o 


i=i 


(5.27) 


Next we decompose 

$,.(17-o)-<hpo(^j,o) = C; + Q- 

where 

Q] = a>p.(t/”o) - <^PoiU^,o) and - ^p,{V,,o). 

We have that 

- ^i,o = / Cj{y) dLu where Q{u) := (j)j{u) - 4>j{u). 

Jo 

In the following we will prove and use the estimate 

\\Q\\L^[o,i]<Kn-^r- 

Recall that < 7 ( 5 ) = s“/(s) for s > 0. The estimate ()5.29l) follows by the decompose 


(5.28) 


(5.29) 


c = c + c 


with 


Cj{u) = [/((j - u)/n) - f{0)](j)j{u), 

Cj{u) = [fiU - u)/n) - fiij -u- l)/n)] {j-u- 1)“, 

the triangle inequality and continuous right differentiability of / at zero. Fix e > 0. By 
Lemma O used on r = 1, (15.141) and (j5.29jl we have 

n n 

^E[|C;|] < + ^ g (5.30) 

i=i i=i 

for e small enough. By substitution, Lemma lOTT il and (|5.14ll . 


W - wf 


< 


+ \\(Pl\\LP([-j-j+l]) 


< Kin 


a/3+l 


+ j“-^) < . (5.31) 


For any r E {p, /3) such that (a — l)r < — 1 we have by (j5.9p . (j5.14p and (I5.31h that 

E||(3“|| = E[|3.„n(f/”„) - 3.p.(f/”„)|| < A'llpJI'* - |,)|'=|E||( 7 ’;„ri 


<K\\p''\l>- 


n\\r 


LPi[0,l]) - J +•? )■’ 
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which implies that 

n 

Y,mQ]\] < (5.32) 

i=i 

The equations (I5.27p . (I5.28p . (I5.30p and (|5.32l) show that 

O P 

which implies that —?• 0 as above, and the proof is complete. 

We are now ready to complete the proof of Sn S. 


□ 


Step 3. We will show that Sn —5- S. Since the random variables {Zr)r>o are independent 
and identically distributed with mean zero, it is enough to show that 

lim > x) = 7 and lim < —x) = 0 (5.33) 

X—)-oo 

cf. (HU Theorem 1.8.1]. The constant 7 is defined in (15.371) below. To show (15.331) let us 
define the function $ : M —)• R+ via 

00 

^>(x) := ^ ^po(ai3:) where aj := - {j - 1 )". 

i=i 

Note that ()5.4p implies that ‘hpo(^) — ^ and hence is positive. Moreover, by (|5.8p and 
for I G (p,/?) with (1 — a)l < —1 we have 


|$(x)| < K\x\^^a^. < < 00 , 

i=i i=i 


(5.34) 


which shows that $ is finite. Eq. (j5.34p shows moreover that E[<l)(Li)] < 00 , and hence 
we can define a random variable Qq via 

00 

Qo =^(^ 1 ) -IE[^(ii)] = j;(4>p„(a,Li) -E[4.p„(a,Li)]), 

i=i 

where the last sum converge absolutely a.s. Since Qq > —E[<l>(Li)], we have that 

lim < —x) = 0. (5.35) 

X^OO 

By the substitution t = (x/u)^/^^“"^ we have that 

POO 

^i/(«-i)l(a.) = / (i)^^(ai+[i]x) dt 

Jo 

POO 

= (1 - a)-^ / 4>po(oi+[(x/n)i/(i —du 

J 0 

POO 

^(1 — 0;)“^ / dtt = K 

Jo 


as X —>■ 00 , (5.36) 
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where we have used Lebesgue’s dominated convergence theorem and the estimate (15.71) 
on d>pg, and the constant n coincides with the definition in Remark 12.51 The connection 
between the tail behaviour of a symmetric p-stable random variable Sp, p G (1, 2), and its 
scale parameter a is given via 

P(5p > x) ~ Tpa^x~^ 12 as X —)• oo, 

where the function Tp has been defined in (12.4p (see e.g. [Ml Eq. (1.2.10)]). Hence, 
P(|Li| > x) ~ Tgx"^ as X —>■ oo, and we readily deduce by (I5.36P that 

P(Qo > x) ~ with 7 = (5.37) 

Next we will show that for some r > {1 — a)j3 we have 

'^{\Zq — Qq\ > x) < Kx~'' for all x > 1, (5.38) 

which implies (|5.33l) . cf. (|5.35l) and (|5.37l) . To show (|5.38l) it is sufficient to find r > (1—q;)/ 3 
such that 

E[|Zo - Qoin < oo 

by Markov’s inequality. Furthermore, by Minkowski inequality and the definitions of Qq 
and Zq it sufficers to show that 

OO 

^ II^Po(^j,o) - ^po{ajLi)\\Lr < oo (5.39) 

1=1 

(recall that r > 1). We choose an r satisfying (1 — a)/3 < r < P, which is always possible 
since we have a G (0,1) under our assumptions. We note that (pj{0) = aj, and hence 
obtain the estimates 

Uj - ajh^ao,!]) < j > 1- (5.40) 

For all e > 0 we have by Lemma 15.11 (|5.14l) and (|5.40l) that 

||$p„(W,-o) - <^p,iajLi)\\Lr < +/a-2)/3A^ 

which shows (I5.39p . by choosing e = f3f{2r) and noticing that (a —2)/3/r<a —2<—1. □ 

In the last step we will show that Vn = (E[| Y’/’']!’] — nip) —>■ 0. 

Step 4- Let 50 ,n and /io,n be defined as in (|3.8p . and pp be the absolute p-moment of a 
standard symmetric /3-stable random variable. By Lemma lO.lH l 

knl = Vpn^~ - ||Lo,n|lip| 

where the last inequality follows from the fact that p < j3. Eq. (|5.41l) implies that —>• 0, 
which completes the proof. □ 
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5.2 Proof of Theorem ll.2l( ii) 

We use the following decomposition: 

^('„-l+p(a+l//3)y(p. = yd) y y W 

with 

yP := A:)„ - m"), 

( 2 ) 

We will prove that W ^ ^ 0 and 

yii) = —AV(0,r?2), where T," = n^’(“+V/3) (^i - E[| 

i=fc 

and rf is defined at (|2.5I) . The proof of the latter relies on the short memory approximation 
of the random variables Y^. Recalling the representation dL^, we 

introduce the random variables 

k ^ ' / fl'i,n('S)lr(j_m)/n,(i+m)/n] (®) 

’ JR 

We will proceed by showing the convergence in distribntion 

-^(0, r/^) as n ^ oo, (5.42) 

i=k 

where yY^ = A”)!"X|p — E[| and are positive constants. Next, 

we show that —)• 77 ^ as m —)> oo. In the last step we prove that 

lim limsupE[|y„^^2j — = 0. (5.43) 

m^oo 

Step (%). To show ()5.42p we note that for fixed n,m > 1, : i = k,... ,n} are m- 

dependent random variables. By stationarity and m-dependence of J^yY^ : i = k,... ,n} 
we have 

, m 

var(yi,l^) = - -C(0) + ^(n -k- f)C(*) (5-44) 

n 

1=1 

with 6^{i) = cov(Y^’'^,Y^^). Set 

vr = [ hk{i - s)i[(*-™)/n,(ym)/n](^) dL^ and p- = \vrY’ - Hiym 

Jr 

By the the line above (I4.48P we deduce that for all d > 1 and as n ^ 00 , {YY^)f^.^ 
(ri™')f=i- For any q > 0 with pq < /3, the estimates of the proof of Theorem ll.lf ii) show 
that 




(5.45) 
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and by the assumption p < 13/2 we may choose q > 2. Hence, with 6^{i) := cov{V^, V^^), 
it follows that 0™(i) —>• 0™'(i) as n —>• oo, which by (|5.44ll implies that 

m 

^ C(0) + 2 ^ 6»”^(z) =: as n ^ oo. (5.46) 

i=l 


By (I5.45P and ()5.46p . the convergence (|5.42|] follows by the main theorem in [12] since the 
sequences i = k,... ,n} are m-dependent for all n > 1. □ 

Step (a). To show that —)• as m —>• oo we set 

v^= [ hkii - s)dLs, Y, = \Vi\p-E[\v^n e{i) = cov(yfc,yfc+,). 

Jm 

By the dehnition of 0™'(z) and the continuity of the stochastic integrals (cf. |34] 1 we have 
that 6'^{i) —)• 0(z) as m —)• oo. Applying the formulas (|2.6I) and (|2.7p we obtain the 
expression 


e^(i) = Up 


-2 


|SlS2 


1+p 


S 2 ) dsi ds 2 , where 


S 2 ) = exp J \sihf{x) - S 2 h^{x + i)fdx'^ 


exp 


- / \sihf{x)\^ + \s 2 h^{x + i)fdx 


and h^{x) = The functions u = satisfies the estimate (|6.7I) for all 

n > 1 since \h/}{x)\ < 771x1" for x E [0, /c + 1] and |/r™(x)| < i7|x|"“^ for x > /c + 1. Since 
u does not depend on n > 1 we obtain, by letting n —)• 00 in the estimate of Lemma lG^ iil. 
that there exists some r > 1 such that 


|0"*(OI < Kr^ for all m > 1, / > 0. 
Hence, by dominated convergence we have as m —>■ 00 , 

m 00 

vl = 0^{O) + 2J2 ^ 0(0) + 2 e{i) = 

i=l i=l 


Step (Hi). In this step we prove (|5.43p . By stationarity we have that 


n—k 


lE[|h;%-T«|2]<2^C(i) 


□ 


(5.47) 


j=0 


where ^(i) = cov{Y^'"^ — YJ}, Y//)^ — Y^j^^). We introduce the notation 

/™(x) := l[_^^rn]{x)D'^gn{x), fn{x) := D^gn{x), = fn - fn 
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where the functions Qn are defined at (13.8|] . By (I2.6p and (I2.7p we have 

1 


(*) = Op 


-2 


/ 


SlS 2 


-n,m 

1 +p 


i’i' {si,S2)dsids2, 


S 2 ) = exp |si7^(x) - 52/^( 2 ; + i)l^ dx^ 


- exp ^ |si7^(x)l^ + Is 2 fn(x + . 

By Lemma [3TT] it follows that u = satisfies (I6.7p . Since u in addition vanishes on [0, m], 

Lemma l6.3f iiil and (I5.47P implies that there exists r > 0 such that 

limsupE[|y„W _ ya)|2] < 

n^oo 


which shows (I5.43p . 


□ 


Steps (i)“-(iii) implies that A^(0,r/^), and the convergence = 

rup) —)• 0 follows by Step (iv) below. 

Step (iv). Following the same arguments as in Step 4 of the previous subsection, 
deduce that 


|yp)| <i^^«/3+3/2 


L/’(R) 


Applying Lemma Ib.ir iil immediately shows that Y, 


( 2 ) 


—)■ 0 as n —>■ 00 . 


^{rrip — 

we readily 


□ 


6 Appendix 


In this section we present some technical results that are used in various proof steps. Recall 
the definition of the functions gi^n and hi^n in P3.8p and p3.9p . Recall that / : M+ —)■ M 
is given by f{x) = g{x)x~°^ for all x > 0, and /(O) = 1. We may and do extend / to a 
function / : M —>■ M (also denoted /) which is differentiable on M. 

Lemma 6.1. (i) Assume that the conditions of Theorem M.^ i) hold. Then, 




< Kn-^. 


(ii) Assume that the conditions of Theorem, 1 1. ^ ii ) hold. Then 


Proof. We recall that g{x) = x"/(x) and /(O) = 1. We start by proving part (ii) of the 
lemma. 

Recall that k >2 and a € (0, — 2//3). By Lemma l3.II and condition a < k — 1/\i 

holds for all n > 1 that 




A„. : = 


/ C 


x(«-fc)/3(|x < Kn-^f^. 


( 6 . 1 ) 
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The same estimate holds for the function 50 ,n- On the other hand, we have that 


Bn := 


rO rO 

/ \go,ni^)\^dx- \honix)fdx 

J-2k J-2h. 




( 6 . 2 ) 


which follows by the estimate ||x|^ — |y|^| < i^max{|x|^ |y|^ ^}|x — y\ for all x,?/ > 0, 
and that for all x G [~‘^i 0] we have by differentiability of / at zero that 

\go,n{^) - ho^n{x)\ = I ^(-1)^ {fi-j/n -x) - l}{-j/n - x)“ < Kn~^\ho^n{x)\, 
j=o 

together with the estimate (j3.12p from Lemma 13.II on /io,n and 50 ,n- Recalling that g{x) = 
x'lf{x) and using fcth order Taylor expansion of / at x, we deduce the following identity 


go,n{x) = ~ ~ 


j=0 

k 


^k-1 


1=0 


(-•?>-^)+ 1 E 

k-l 

E 

/=o 


— r, — i-j/n) +— n^i-j/n) 


k\ 


/«(-x) 


l\ 


(-■?'/«)'(- j/n - x)[ 

vi=o 


+ ^ Q) (-j/^)^( - j/n - x)[ 

where is a certain intermediate point. Now, by rearranging terms we can find coeffi¬ 
cients Ao, • • • , Afc and Aq, • • • , A^ (which are in fact bounded functions in x) such that 

goA^) = ^ Az(x)n“' - 1) • • • (J - ^ + 1)( - - a;)' 

= X] Ax)n-^ [ J^(-l)^ -l)^~ I ^ 

1=0 \j=i vJ o y 

At this stage we remark that the term ri^n{x) involves {k — /)th order differences of the 
function (—x)“ (at scale n~^ and with a certain shift) and Ao(x) = Ao(x) = /(—x). Now, 
observe that 


Cn.= 


l5o,n(a;)|^ - \hQ^n{xA 


dx 


< K 


J mcix{\goAxA~^, \hoAAf~AgoAA - hoAA\dx. 
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Since ro,n = fho^n, it holds that 

\ro,n{^) - ho,n{^)\ ^ 

Recalling that a E (0, A; — 2//3) and using the substitution x = n~^y, we deduce that 


'-1 


niax{|5ro,n(a^)|^ ^IVn(3;)l^ ^}ko,n(a;) - Aio,n(a:)| dx < i^n (6.3) 


For 1 < / < A:, we readily obtain the approximation 


'-1 


r 

max{|c?o,n(a;)|^“\ |Aio,n(a;)|^"^}|n,„(x)| dx < 

Jk 


y 


{a-k)l3+l 


dy 


using again the substitution x = n ^y. It holds that 


f 


^ia-k)fl+l^y < 


(k 


{a — k)l3 + I < —1 


(6.4) 


\R:iog(n)n(“-^)^+^+i {a-k)/3 + l>-l. 

By (|6.3I) and (|6.4I) we conclude that 

Cn<K + log(n)n-*^^) . 

Since af3 + 2 < k/d due to the assumption a E (0, A: — 2/(3), part (ii) readily follows from 
(16.10 and (16.21) . 

Now, we proceed with part (i), which is in fact easier. Recall that A: = 1 and a E 
(0 ,1 — 1//3), which implies that fd E (1, 2). As in ()6.ip and ()6.2p it holds that 




A„, = 


/ OO 

dx < Kn-^ (6.5) 


(the same estimate holds for the function 50 ,n) and 


Bn = 




pO pO 

/ ^ \gO,n{^)fdx- / ^ |Alo,n(x)|^dx 

n n 

Finally, applying the methods of ()6.3p - ()6.4p . we deduce the inequality 
150 , 71 ( 3 ^) 1 ^^ 2 :-/ \ho^nix)f dx 


( 6 . 6 ) 




'-1 


< K 

< Kn-^. 


-1 


|do,n(3:)|^xdx + n ^ / \ho^n{x)\^ ^x“dx 


'-1 


Now, note that ajd + 2 > /d since a > 0 and Id E (1,2). We obtain the assertion of part (i) 
by (16.50 and (16.60 . □ 
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Now, we introduce an auxiliary continuous function u = Un '■ K+ i-t- M, which satisfies 
the inequality 

\u{x)\ < K (\x\^l[ 0 ^k+l]{x) + l^l'^“^l[/c+l,n)(^) (6.7) 

+ Tl (l[n,n+/c] (^) “1“ v{(^X ^)/^) l(nH-fc,oo) (^))^ ; 

where v E L^((l,oo))nC'((l,oo)) is a decreasing function. The next lemma presents some 
approximations for certain integrals of u. 

Lemma 6.2. Suppose thatu is a function satisfying (j6.7p . q E [0, /3/2), k >2, a < k — 2/j3 
and set 

poo 

Il,n,q-= \u{x + l)f~'^\u{x)\'^ dx. 

Jo 

(i) There exists r = Vafi^q^k > 1 such that for all n > 1, I = 0,. .. ,n we have 

Ii,n,q<K{l-^ + n-^). ( 6 . 8 ) 


(a) There exists r = ra,i3,q,k > 0 such that for all m > 0 and all functions u satisfying 
dszi) and vanishing on [0, m] we have 


n—1 


lim sup E Il,n,q < Km~ 


1=0 


(6.9) 


Proof, (i) To show the estimate (16.8p we decompose Ii,n,q into four terms as follows. First 
applying the estimate at ()6.7p we deduce that 

fc + 1 

|n(x + l)f-’i\u{x)\i dx < 

On the other hand, we obtain that 


pn 

/ |u(x + OI^"'^|n(x)|'?l{,,+,<„}dx 
J /c+1 

poo 

J{k+l)/l 


For the last approximation we used the fact that {a — k)/3 < —1, which insures the 
integrability at infinity, while for the integrability near 0 we distinguished the cases {a — 
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k)q > —1 and (a — k)q < —1. Observing that the function v introduced at (j6.7|] is 
continuous and hence bounded on compact sets, we conclude that 

pn pn 

J fc+1 Jk 


a.—k)0-\-l 


/fc +1 

^ i (a — k)q > —1 
Finally, for the last term we have that 

/ OO / POO \ 

\u{x + dx < + J v{x/n)^ dx\ < Kn^ 

where we used that the function v is decreasing on (1, oo) and v E L^((l, oo)). By noticing 
that maxKa — k)fi + l,{a — k){ld — q)} < —1, we obtain (I 6 . 8 |) by a combination of the 
above four estimates. 

(ii) To show (j6.9j) suppose that the function n, in addition, vanish on [0, m]. By the 
decomposition and estimates use in (i) above we have 


n—1 


lim sup ^ Ii^n,q < lim sup ^ k 


n,q 


1=0 


1=0 


where 


For all I < m, 


^l,n,q ■ 


pn 

J m 


poo 

il%,g < / (y + < Km^»-k)P+i 

J m/l 

and hence 

n oo 

limsup^/i,„,g < ^ max{log(0 Z^““^^^+\, 

r).—^ _ / 


/=0 




showing (16.9p . 


□ 


Now, we present one of the main results, which provides estimates for various covari¬ 
ance functions. Assume that a given function u = Un satisfies (leTfl) and define 


^n (0 — 


-2 


1 


SlS 2 


1+p 


'fpiisi, S 2 ) dsids 2 , where 


( 6 . 10 ) 


ipiisi,S 2 ) = exp ( - / |siu(x) - S 2 u{x + l)\^ dx 

V Jr 

— / \siu{x)\J + \s 2 u{x + l)\J dx 


exp 
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Lemma 6.3. Suppose that u is a function satisfying (16.7|) and 9n{l) is defined in (16.10^ . 
(i) Assume that k = 1 and a < 1 — 1//3. Then, for any I > 1, we obtain 

\0n{l)\ < 

(a) Suppose that k > 2 and a < k — 2/fi. There exists r = ra,p,q,k > 1 such that for all 
n > 1, I = 0,... ,n we have 

en{l) <K{1-^+ n-^). 

(Hi) Suppose that k > 2 and a < k — 2/fi. There exists r = ra,i3,q,k > 0 such that for all 
m> 0 and all functions u satisfying ()6.7I) and vanishing on [0, m] 


n—1 


lim sup On{l) < Kn^ 


1=0 


Proof, (a) We decompose the first integral via fj ^2 = /[_i i ]2 + i] 2 - In this part we 

will analyze the second integral. We need the following identity to deal with large si, S 2 : 

'ifi(si,S 2 ) = exp + |s 2 |^) j \u{x)fdx'^ 

X —( [ \siu{x) — S 2 u{x + l)f dx — I \siu(x)\^ + \s 2 u(x + l)\^ dx 

5:7 rl \Jr Jr 


r>l 

We will make much use of the inequality 
|x - yf - \xf - \yf < 


itT (min{|x|, |y|}^ + min{|x|, |y|} max{|x|, |y|}^ /3 > 1 

itTmin{|x|, |y|}^ (3<1. 


We start with the case fi < 1. According to Lemma 16.21 for each K > 0 we can find 
lo, no G N such that for all I > Iq, n > uq we have that K' := Ii^n,o < K. For such I and n 
we have 


:= [ 


\Ms1,S2)\ 


_11]2 |SiS2 


< K 


i+p 

1 


_1 1]2 |SiS2 


1 +p 


dsi ds2 


( 6 . 11 ) 


1 


exp(-A:(|si|^ + |S 2 |^)) dsi ds 2 


r>l 


i,n ,0 f 1 - \T^exp{-K\si\d + {K' - K)\s 2 \d)dsids 2 , 

./r2\[-i,i]2 IS 1 S 2 I 


< Kh, 

where the latter integral is finite since K' < K. For I < Iq, we trivially have that 


|0n(OI < K, 


(6.12) 










48 


where we use that |V'z(si,S 2 )| < 2 by definition. Let us now consider the case /3 > 1. 
Applying exactly the same arguments as for /3 < 1, we deduce for I large enough 


e(i)f‘ <K [ 

X ^ ^ (|si|^"^|s2|^Z,n,/3-l + |s2|^^Z,n,o) dsi dS2 

r>l 

< K{h,n,l3-1 + h,nfl)- 


(6.13) 


This estimate completes the first part of the proof. 


(b) Given the boundedness of the exponential function on compact intervals and sym¬ 
metry arguments, we are left with discussing the quantity 


e{l)2 := 


1 


'[ 0 , 1]2 \siS2\^+P 


( [ \siu{x) - S 2 u{x + l)f - \siu{x)f - \s 2 u{x + l)\d 

^ Jr 


dx ) dsi ds2- 


This requires a much deeper analysis. Clearly, we obtain the inequality 


0{1)2<K{9{1)2.1 + 9{1)2.2) 


with 


0 ( 02.1 = 
0 ( 02.2 = 


/ 1-rmif / min{|siu(x)|^,ls2u(x-hOI^}'^a:') (isi(is2 

'[ 0 , 1]2 |■Sl'S 20 +^ ^ 

■(^J min{|siu(x)|, |s2u(x-I-/)|} 

X max{|siu(x)|^“^, \s2u{x + /)|^~^} dx') dsi ds2 


'[ 0 , 1]2 |'SlS 20 +^’ Wo 


where the term 0(02.2 appears only in case f3 > 1. We start by handling the quantity 
0 (02.1- Set ak{x,l) := \u{x -|- 0I/|'*^(3;)| G MU {oo} for x > 0, and recall the convention 
= 0 for any a G M U {±oo}. Notice that we can rearrange the involved integrals due 
to positivity of the integrand. Hence, we deduce 

0 ( 02.1 = 0 ( 02 . 1.1 + 0 ( 02 . 1.2 

with 

0(02.1.1=/ isiS2)~^~^{ \siu{x)\Jl{si<s 2 ak{x,l)}dx) dsidS 2 

d[0,l]2 ^Jo ^ 

(],sids 2 ^ dx. (6.14) 


|u(x)|^(^ 


.- 1 -p 


r‘min{l,52afc(ai,/)} 
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Next we will estimate the parenthesis in (I6.14p as follows 

r*min{l,52aA; 


-i-p+^ 


dsi ds2 


< K 

< K 

< K 


pi pr 

/ 

Jo Jo 

/ I pS2a.k{^J) /"i ^ 

{^{S2akix,l)<l} dsi + l{s2akix,l)>l} dsij dS2 


mm{l,ak{x,l) 


ak{x,l)d-Ps2^~‘^^^^dS2 + l{afe(x,0-l<l} 
+ l{aj.(a;,0-l>l}) + ^{ofe(3;,0“^<1} ^kix, l)^)^ 


So ^ ^ds-. 


ak(x,l) 


< K 1 


^{\ukix+l)\>Uk{x)} 


Ukix + 1) 


+ + '^{\ukix+l)\<Uk{x)} 


Hence, 
We have 


Ukix) 

d{l)2.1.l < K{ll,n,0 + h,n,p)- 


Ukix + 1) 


Ukix,l) 


l-p 


(6.15) 


dil)2.1.2= / (S1S2) ^ / \s2uix + l)fl{s2<siak{x,l)-i}dx)dsidS2 

./fO.112 ^Jo ^ 


'[ 0 , 1 ] 

coo 


poo 

/ |tt(x + 

Jo 


1 pmm{l,siak{x,l) H 

Jo 


ds2dsi)dx, (6.16) 


and the parenthesis in ()6.16p is estimated as follows 

r*l /*min{l,siafc(x,/)~^} 


.-1-P+/3 


dS2 dsi 


pL pr 

L 

I ll{si>afc(a;,i)}'Sl dsi^ 

<K(akix,l)P-f^ 


min{l,afc 


^-l-2p+0^ 


+ l{ai,(a:,0<l} / '^1 ^ ^ dsA 

Jak(x,l) ' 

K ^CLkix, l)^ ^ll{aj.(x,/)>l} 4“ 2flfc(x,/) ^ll{afe(a;,i)<l}^ ) 
which shows 

^( 02 . 1.2 < Kill,n,0 + dl,n,p)- 


(6.17) 
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We also have 9{l)2.2 = 9{l)2.2.i + 9{l)2.2.2 with 


o{i)2.2.i = [ 

Aoa? 

< j u{x)u{x + l)^~^ j 


'^{si<s 2 akix,i)}Si\u{x)\s^ ^\u{x + l)f ^dx'^dsids 2 

S2ak{x,l) 


„/3-2+P 


/ S2ak{x,l) . 

^ dsi ds 2 j dx 

<K J \u{x)\\u{x + J S 2 ~‘^~^^{s 2 ak{x,l)Y~^ ds 2 ^ dx 

<kJ \u{x)\\u{x + (^ak{x,iy~'P j S 2 ~^ ds 2 ^ dx 


<K \u{x)Y’\u{x+ l)\^ ^dx<KIin^ 


P’ 


(6.18) 


and 


—1—p —1—P 


6 { 1 ) 2 . 2.2 = [ Si 

= [ \u{x)\^-^\u{x + l)\ \ [ sr^"^’^^(l{siafc(x,Z)-l<l} [ 

Jo '-Jo ^ Jo 


^{s2<siakix,l)-i}Si ^\u{x)\f^ ^S2\u{x + l)\dxdsids2 

siak{x,l)-^ 

$2^ dS2 


+ ^{siafc(*,0”^>l} / S2^dS2]hsi 


dx. 

(6.19) 


The bracket in (I6.19P is estimated as follows 

fsiak{x,l)~^ 




-2-P+/3 


psiakix,l) xl 

^{siaj. dS2 T l{siaj.(a;,0“^>l} / ®2 dS2j dsi 
Jo Jo ' 

si‘^~^^^'^{siak{x,l)-^<l}s\~^ak{x,lY-^dsi + l{a^(x,l)<l} [ 

) Jak-(xd) ' 

Kak{x,iy-^ [ 

Jo 


< K 


< 


min{l,a/i {x,l)} 


,-l-2p+/3 
T 


dsi T l{at.(x,Z)<l}®A:(3J) 0 ^ ^ds^ 


<K{ak{x,lY ^l{akix,l)>l}+ak{x,l) ^ ^^^'^{a^,{x,l)<l}) , 

which shows 

d{l)2.2.2 < K + Il,n,p) ■ (6.20) 

Combining the estimates (16.111) . (16.121) . (|6.13l) . (I6.15p . (|6.17p . (16.181) and p6.20p . and ap¬ 
plying now Lemma l6.2r i)-(ii) we obtain the desired assertion. □ 
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